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When vortices are embedded in a shearing zonal flow their interactions are changed
qualitatively. If the zonal flow’s shear and the vortex’s strength are of the same order
and opposite sign, the vortex is pulled into a thin spiral, fragments, and is destroyed
in a turn-around time. If the signs are the same, the vortex redistributes its vorticity
so that its maximum value is at the centre, and its shape is determined by the ratio
of its vorticity to the shear of the surrounding zonal flow. The dynamics depends
crucially on the exchange between the self-energy of the vortices and the interaction
energy of the zonal flow with the vortices. A numerical example that shows all of
these effects is the breakup of a vortex layer: either a single large vortex is formed
or successively smaller and more numerous thin filaments of vorticity are created.
Two stable vortices are shown to merge if their initial separation in the cross-zonal
direction is smaller than a critical distance which is approximately equal the vortices’
radii. The motions of large vortices are constrained by conservation laws, but when
the zonal flow is filled with small-scale filaments of vorticity, the large vortices
exchange energy with the filaments so that they are no longer constrained by these
laws, and their dynamics become richer. Energy is shown to flow from the large
vortices to the filaments, and this observation is used to predict the strength of
boundary layers and the critical separation distance for vortex merging.

1. Introduction

Large vortices are interesting because of their longevity, their robustness to large
perturbations, their coexistence with surrounding turbulence, and their ubiquity in
laboratory, geophysical, and astrophysical flows. There have been numerous studies
of the stability, interactions, and mergers of small numbers of isolated monopolar
and dipolar vortices (cf. Overman & Zabusky 1982; Flierl, Stern & Whitehead 1983;
Melander, Styczek & Zabusky 1984 ; Buttke 1990). In this paper we extend the study
of two-dimensional vortices by examining their behaviour when they are embedded
in shearing zonal flows. Our study is motivated by the fact that vortices frequently
appear in zonal flows and by our observation that zonal flows greatly alter vortex
interactions. Examples of zonal flows containing vortices are laboratory mixing
layers, the Gulf Stream, and the East—West winds of Jupiter, Saturn, and Neptune.

The addition of a zonal fliow complicates the vortex dynamics not only because the
zonal flow advects and shears the vortices, but also because the vortices react back
upon and change the zonal flow. Disentangling the physics of all of these processes
from a numerical simulation or an experiment can be extremely difficult, so this
study is restricted to zonal flows with uniform and approximately uniform potential
vorticity w,. (As we show in §2 of this paper, this class of zonal flows is very broad,
and in fact any zonal flow can be made to have uniform potential vorticity if the
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bottom boundary condition is chosen properly.) The advantage of studying a zonal
flow with uniform potential vorticity is that the zonal flow affects the vortices, but
the vortices do not affect the zonal flow (Marcus 1986, 1987). Hence, the zonal
velocities are approximately constant during the vortex interactions, and the vortex
dynamics are simpler to understand. We have found that when the zonal flows do not
have uniform w,,, the zonal velocities evolve with the same timescale as the vortices.
Although this is no more difficult to compute, a physical interpretation of the
dynamics is more difficult. A second motivation for studying vortices in zonal flows
with uniform e, is that these zonal flows occur frequently because one of the ways
in which vortices react back upon a zonal flow is by making its potential vorticity
homogeneous (Rhines & Young 1982). For example, Nielsen & Schoeberl (1984)
showed numerically that a small, locally unstable region of a zonal flow (where the
gradient of @, is positive) evolves into a much larger region that is approximately
marginally stable (where the gradient of w, is approximately zero). As a second
example, Sommeria, Myers & Swinney (1988) showed experimentally that an
external forcing that mixes the fluid also mixes and homogenizes the potential
vorticity (whose governing equation is Dw,/Dt = 0 — see §2) so that zonal flows with
approximately uniform e, are produced spontaneously. Of course, not all unstable
or forced flows produce zonal velocities with uniform w,, but this class of flows is
sufficiently common and produces vortex dynamics sufficiently rich and easy to
interpret that it warrants study.

In §2 we present the equations of motion and describe their numerical solution. In
§3 we demonstrate how the shear of a zonal flow breaks the degeneracy between
clockwise and counterclockwise vortices; the vortex with the same sense of rotation
as the zonal flow remains intact while the vortex with the opposite sign is stretched
into a thin layer and breaks into small fragments or dissipates. In §4 we examine the
breakup of a vortex layer in a zonal flow. We choose it as an example because it
clearly demonstrates the transfer of energy between the self-energy of the vorticity
and the interaction energy of the zonal flow with the vorticity. The behaviour of the
layer depends on the direction in which the energy is transferred which depends in
turn upon the sign of the vorticity of the layer with respect to the sign of the shear
of the zonal flow. Vortex mergers are examined in §§4 and 5. We show how the
potential vorticity rearranges itself inside a large vortex after smaller vortices bind
together. We also show that vortices merge if and only if their initial separation in
the cross-zonal direction is less than a critical value. Small-scale filaments of vorticity
within the zonal flow are found to absorb energy from the large vortices, and we use
this observation to predict the critical value for the initial separation between
merging vortices. Our conclusions are presented in §6 where we also discuss future
numerical work and the relationships among this work, laboratory experiments
(Sommeria et al. 1988), and numerical work on long-lived planetary vortices (Marcus
1988).

2. Equations
2.1. Equations of motion

In this paper we consider two-dimensional, inviscid, constant-density, quasi-
geostrophic flows. The fluid is contained in a rapidly rotating annulus bounded above
by a flat impermeable surface at z = 0 and below by a smooth, axisymmetric, but not
flat bottom at z = —[H + h(r)], where H is the mean depth and |A/H| < 1. The velocity
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u of this flow is two dimensional (perpendicular to é,), divergence-free, and governed
by a generalization of the Euler equation

0 Du viI 2Q
(at (u- V)) —ﬁ-——T'Fer—ﬁ-h(T)u (2.1)

where £2¢, is the angular velocity of the rotating annulus, I7 is the pressure head of
the flow, p is the density, and u is the velocity as observed in the rotating frame of
the annulus. Equation (2.1) is equivalent to the shallow-water equation for a
constant-density fluid and is valid for small Rossby number, Ro = U/2QL < 1, where
L and U are the characteristic magnitudes of the horizontal length and of u. We have
chosen an annular rather than the more standard planar geometry because it has a
naturally periodic coordinate, hence no upstream or downstream boundary
conditions. Moreover, the geometry will allow us to make a direct comparison with
the laboratory experiments of Sommeria et al. (1988). The boundary conditions of the
flow are that u, = 0 at r = R, and r = R_,,. Note that (2.1) reduces to the Euler
equation for 2 = 0, and to the usual f-plane equations for 2 = Sy or ~ = fr.

Many of the simulations in this paper produce flows with more-or-less permanent,
non-axisymmetric features, so a natural question to ask is how fast those features
travel around the annulus. Because of the rotational invariance of equation (2.1) (i.e.
if u(r, ¢,t) is a solution to (2.1), then so is u(r, p — Ct,{) + Cré;, where C is arbitrary),
this question does not have a unique answer. Therefore, when we refer to the
rotational speed of a feature, it will be with respect to the surrounding zonal velocity.
Another symmetry of (2.1) is that it is invariant under the transformation
Qh(r)>—Qh(r), ¢ >—¢, and u,>—u,.

2.2. Decomposition of the velocity
The potential vorticity w, of u is defined as

o,(r,d,t) =V xu(r,p,t)—2Qh(r)/H. (2.2)

The flows of interest to us in this paper have large regions of w, superposed on
background axisymmetric zonal flows of nearly uniform potential vorticity. This
suggests a decomposition of the flow into two components. We define the background
zonal flow # to be the exactly axisymmetric, azimuthal flow with uniform potential
vorticity :

A 29 ’ N ’ 0
By(r) = EJ h(r')2 dr +017+‘f» (2.3)

Rin
4, =0, (2.4)

where (', and C, are constants. The other component v is simply defined as v = u— 9.
We denote the curl of v and & as w and & respectively, and we define the shear as o
and ¢:

dvg/r_ 100,

a(r,g,t)=r o 7o (2.5)

and a(r) = r—v“ﬂ

A (2.6)
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Note that # is itself an exact equilibrium solution of (2.1). Equation (2.1) implies

Dw
P —

and because w = w,—2C,, it is also advectively conserved:

Dw
= =0. 2.
Dt =0 (2.8)

For the decomposition of u into # and v to be unique, the constants C; and (', must
be specified. The choices of C, and C; are arbitrary, and we define them as

41:9 Rout s 2Lt0t 1 ot . ot 2
=a" YT Y - 2.
C, AH x, h(ryrdr pAH 24 ('Y B2 — 'SR ), (2.9)
1 (Itet
G=g@ (?—02), (2.10)

where A is the area of the annulus that bounds the fluid, L** is the total angular

momentum of u, and I''%, and I'!$' are the circulations of u at R, and R,,:

27

F&?ft=f Us(Rous» $, 1) rdD, (2.11)
0
27

F§3‘=f uy(Ryp, $,1) rdg. (2.12)
0

The right-hand sides of (2.9) and (2.10) are time-independent, therefore # is time-
independent. The definition of C; makes I, the circulation of the v-component of the
velocity at Ry, equal to zero for all time. The definition of €', makes the average value
of o (weighted by r?) zero for all time (see §2.3). All definitions of the decomposition
lead to the same physical results, but these choices are very useful: we shall argue
that the dynamics of a vortex embedded in a zonal flow depends upon the ratio of
o to the shear of the local zonal flow. With C, defined by (2.9), the shear of the
surrounding zonal flow is approximately ¢. The definition of C, leads to a simple
relationship between the kinetic energies and w (see §2.3).

2.3. Conserved quantities

Equation (2.1) conserves angular momentum, energy, two independent circulations,
and all moments of the enstrophy.
The circulation I'*®t = I'to — "% js conserved, and it can be written in terms of w:

ret = J w(r,t)rdrdg + I, (2.13)
D

where D is the domain of the annulus and I is the time-independent constant
I, =240,. (2.14)

(We have used the fact that the mean depth of the annulus H is defined such that
fg;m h(ryrdr = 0.) Therefore w(r,t) integrated over the domain of the fluid is
conserved.
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The angular momentum L** is

Ltot = —-%pr ro(r,t)rdrdé+ L, (2.15)
D
where L, is the time-independent constant
RO“
Ly = 3pH[I' 5o R — T B, —%PHAC'I[RﬁutJern]—?ﬂpQJ Ph(r) dr. (2.16)
Rin

Equation (2.15) shows that the w-weighted value of r* is conserved in time.
Conservation of angular momentum and circulation imply conservation of 7%¢, and
with our choice of C,

JDrga'(r, t)yrdrdg = 0. (2.17)
The conserved kinetic energy is
Etot = 1pH JD ulrdrd¢g = U () + E™() + K, (2.18)
where E*! is quadratic in v:
E=Y(¢t) = 1pH L) vPrdrdg = —3pH J.D w(r,t)Y(r,t)rdrdg. (2.19)
E™ is linear in v:
Bty = pH JD v-Brdrdg = —pH f w(r, ) Ji(r)rdrdg, (2.20)
D
and E, is the time-independent constant
Ey= %pr P*rdrdg. (2.21)
D

Here yr(r,t) and l[f(?‘) are the stream functions of v and & respectively and their gauges
are chosen so Y(R,y,) = ¥(R,,:) = 0. Without this choice of gauge and our definition
of C,, the expressions for £5®!f and E™* would contain time-dependent surface terms.

The self-energy E*(#) is the energy that the flow » would have if # = 0. For
example, in the absence of horizontal boundaries E*"(t) is (up to an additive
constant)

B (g) =—fiij f In|r—r|o(rt)w tyrdrdgr dr’ d¢’. (2.22)
an JpJo

The self-energy of the flow is completely analogous to the self-energy of a distribution
of electric charge (in two dimensions). The self-energy of two vortices increases
logarithmically with the distance between them ; pushing two vortices (or charges) of
the same sign together increases E®' and requires external work. A single uniform
vortex with fixed area is in its highest energy state when its shape is round; any
elongation reduces its self-energy. Because a boundary can be conceptually replaced
by an image vortex of equal and opposite sign on the opposite side of the boundary,
it is clear that moving a vortex closer to a boundary (and hence closer to its opposite-
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signed image) decreases E*". The term Ei“t( ) is the interaction energy between the
v- and #-components of the velomty It is analogous to the interaction energy
between a charge of strength » in an electrostatic potential 1ﬁ . Although B! is
invariant under the transformation @ ——w, E'™ is not. This is why vortex dynamics
with no background flow is degenerate with respect to the sign of w and why stable
vortices have a preferred sign when # is present.

The nth moment of the enstrophy &, based on w is conserved:

&, = J- w(r,t)?rdrde. {2.23)
D

If k(r) # 0, the enstrophies made from the total vorticity, V x &, are not conserved.

2.4. Numerical methods

The nonlinear solutions to (2.1) that are presented throughout this paper are
computed with an initial-value code that uses a spectral collocation method with
256 x 256, 128 x 128, or 64 x 64 Fourier-Chebyshev modes. Our numerical com-
putations are carried out in a constantly changing rotating frame so that the effective
Courant number is minimized. Details of the numerics and the types of tests that the
numerical codes were subjected to were reported for a similar calculation earlier
(Marcus 1984 a). In this paper we compute two types of solutions. In the first, we
solve (2.1) with no numerical dissipation. The energy, angular momentum, and each
of the two independent circulations are conserved from the beginning to the end of
a run to one part in 10%. The second moment of the enstrophy, which cascades more
quickly than the energy to the small scales, is conserved only to one part in 10*. The
spectral calculations are terminated when enough enstrophy builds up at the
smallest numerically resolvable scale that the enstrophy spectrum begins to turn
upward. The time that it takes for the enstrophy spectrum to turn upward depends
on the initial conditions. Frequently it is many dynamical times, and the physics
that we need to observe takes place well before the computation needs to be
terminated. Occasionally, we need to run for longer times. The proper and only
numerically sound way of solving this problem is to repeat the calculation with more
resolution so that it takes longer for the enstrophy to cascade to the smallest
resolvable scale. However, we have found empirically that removing the aliasing
errors retards the pile-up of enstrophy at small scales and allows us to run the
calculations for a slightly longer time while maintaining accuracy. (As a test we
compared the de-aliased results with calculations with twice the numerical resolution
and found good agreement.) Therefore the calculations reported in this paper have
been de-aliased using the ‘3-rule’ (see Orszag 1974). This benefit from de-aliasing is
in eontrast to our experience with spectral collocation methods in a similar geometry
when the Navier—Stokes equation is solved. There we found that the small-scale
viscous dissipation dominated the aliasing and solutions computed with and without
aliasing were indistinguishable from each other (Marcus 19845).

In any case, de-aliasing can postpone the pile-up of enstrophy at the small scales
but it cannot get rid of it. A second method for computing solutions at late time is
to add dissipation to the code. We have tried four types of dissipation : hyperviscosity
or V*u, molecular viscosity, Ekman spin-down, and direct removal of energy from
the highest wavenumber Fourier-Chebyshev modes. Results obtained using a
hyperviscosity and direct removal from the highest modes were indistinguishable at
the large scales. Because hyperviscosity was more expensive and cumbersome to
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implement (the equation requires two more radial boundary conditions), results
reported here were computed by the direct removal method. Molecular viscosity and
Ekman spin-down made the energy decay quickly in these run-down experiments.
These sources of dissipation correspond to those in the laboratory experiments of
Sommeria et al., and we report our results with these sources of dissipation elsewhere.

In our calculations with dissipation the circulation and momenta are still
conserved to about 1 part in 10%, and the energy to 1 part in 10°, but the enstrophy
can decrease by as much as 30%. We have compared solutions made with no
dissipation to solutions that were computed with dissipation and with half the
number of Fourier-Chebyshev modes. For times that are long enough that the low-
resolution calculation is dissipative but short enough that the non-dissipative, high-
resolution calculation does not have an appreciable upward turn in its enstrophy
spectrum, the two solutions are nearly identical for all but the smallest scale modes.
We therefore believe that the large-scale physics is accurately represented in our
weakly dissipative calculations.

In this paper we illustrate the flows with false-colour plots where each pixel has a
colour that represents the local value of w, with red for the most positive value of w,
blue for the most negative, and the colours as ordered in the spectrum for the
intermediate values. Each pixel represents an average of w over the area of the pixel,
so if the pixel size were less than or equal to the numerical resolution, each pixel
would act like a fluid element and be advected by the local velocity, conserving its
colour or value of w. However, our pixels range in size from 4 to 64 times larger than
the numerical resolution. Thus pixel colour is not conserved. The averaging blurs
small-scale structures. For example, it makes a region that contains fine filaments of
red and blue w appear as green.

Throughout the remainder of the paper we shall use dimensionless units in which
the density is in units of p, horizontal length in units of (R,,,—R,,), vertical depth
or h(r) in units of H, and time in units of 3£2.

3. Sign-dependent behaviour of vortices
3.1. Imitial divpolar stream function

To demonstrate how the behaviour of vortices in a shearing zonal flow depends upon
the sign of ¢/w, we choose an initial flow consisting of one large vortex of each sign
superposed on the zonal flow

¥y = §r(2r— Ry, — Boyy)- {3.1)

The bottom topography is k(r) = (r—3), and R,,/R,,, = 0.25. Note that ¢ =i >0
and that 9, = 0 midway between the inner and outer annular boundaries. The zonal
flow in (3.1) was chosen because it has a non-zero ¢ and a non-trivial (i.e. non-
constant) a.

The initial vortices in figure 1(a) (plate 1) have the stream function

w(,"! ¢) = g(T, ¢+%TC) _g(ra ¢—%TC), (32)
where g(r, ¢) = 0.01sin?[n(r—R;)][sin (3¢)13%. (3.3)

The large exponent in the ¢-dependence of the stream function was chosen because
it produces two large vortices of nearly uniform w with sharp, but numerically
resolvable, boundaries. The maximum and minimum values of w are +0.34, so
|6/w| = O(1) at the centres of the two large vortices. The four smaller banana-shaped
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vortices that initially surround the two large vortices were included as part of the
initial conditions because they allow us to illustrate the effects of the boundaries. Our
calculations were done with a small amount of dissipation in the eight smallest
Fourier-Chebyshev modes.

3.2. Focusing and expulsion of &

Figure 1(b—h) (plates 1, 2) shows the subsequent flow with the times listed in the
caption given in units of the approximate turn-around time of the large vortices,
0.34/4n. Each large vortex is initially pulled apart by ¢, which is clockwise near the
inner boundary and counterclockwise near the outer (figure 16). Even at early times,
there is a large asymmetry between the red and blue vortices. As the red vortex with
G/w > 0 is stretched azimuthally, it remains midway between the inner and outer
boundaries, whereas the extremities of the blue vortex are pulled to the two radial
boundaries (figure 1¢). This effect is easily understood by using the fact that the total
velocity at any location can be found from the plot of w in figure 1 by adding the
velocity due to w — using the usual Biot—Savart law — to 4. In figure 1(b) a fluid
element with red w located at the outer edge of the large red vortex is first pulled
counterclockwise by ¥, towards the right-hand side of the vortex. The counter-
clockwise velocity produced by the vorticity of the red vortex itseif then pushes this
fluid element inward towards the inner radius. Thus an element located initially at
the outer edge of the vortex is pushed towards the inner boundary. Similarly, an
element located initially at the inner edge of the vortex is pushed towards the outer
boundary. A fluid element with blue w located at the outer edge of the large biue
vortex will be pulled counterclockwise by 4, towards the left-hand side of the blue
vortex. The clockwise velocity of the blue vortex will then push the element outward
towards the outer radius. A fluid element of blue w located initially at the outer edge
of the blue vortex is drawn further outwards by the combined interaction of 4 and
the velocity of the blue vortex, and an element located initially at the inner edge of
the blue vortex is pushed further inward towards the radial boundary. Thus, a vortex
with &/w < 0 is stretched into a spiral and its vorticity is pulled towards the radial
boundaries of the shearing zonal flow; whereas a vortex with ¢/w > 0 is focused
towards the centre of the zonal flow. This focusing and expulsion is further examined
in §3.9.

3.3. Breakup of vortex layers

Figure 1 (¢) shows that the large blue vortex is surrounded on each side by thin yellow
spirals that are the remnants of the two initial, banana-shaped, yellow vortices. The
yellow vortex layers with &/w > 0 break up into modes whose wavelengths are
approximately 16 times their thickness (figure 1¢—f). (In §4 we show that this
wavelength is the most rapidly growing unstable Kelvin—-Helmholtz eigenmode of
the yellow vortex layer in figure 1¢.) As the two yellow layers break up, they disrupt
the blue spiral and cause it to fragment. After 6 turn-around times the blue spiral is
broken into small thin filaments (figure 1g).

3.4. Robustness of vortices with ¢/w > 0

The large red vortex is sheared azimuthally until ~0.7 turn-around times and then
contracts. During this time it sheds a small amount of w (5% of its circulation).
Some of the shed fragments become uniformly dispersed in the zonal flow, some go
into the radial boundary layers, but more than half eventually reattach to the large
red vortex. Figure 1 (g) shows that in just six turn-around times the flow has formed
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one large, approximately elliptically shaped, red vortex and a much smaller red
vortex near the inner boundary that is distinctly separated in radial location from
the large one. The large vortex has an approximately permanent form and travels
azimuthally around the annulus at an approximately constant velocity (see below),
but it is not a steady state. It is buffeted about with respect to its mean velocity by
the blue filaments of w, and its shape and size are not permanent because it
constantly sheds and regains filaments of w. After six turn-around times all of the
blue @ that was initially located in large vortices is fragmented into small pieces, and
it ends up in one of three places: in the inner or outer radial boundary layers or as
thin filaments of w that are spread approximately uniformly throughout the flow.
(The amount at each location is discussed in §5.) The uniform spreading of the blue
filaments in the zonal flow is an example of the homogenization of potential vorticity
discussed in §1. The motion of the blue filaments is chaotic, and a power spectrum
of the velocity shows broad peaks.

Figure 1(k) shows that the flow after 20 turn-around times is still quite similar to
the flow in figure 1(g) with the exception that the flow surrounding the two red
vortices has lost most of its small-scale structure ; the flow in figure 1 () has the same
circulation and angular momentum (to within 107* %) as in figure 1(g) but has less
than ~30% of the enstrophy because the numerical dissipation smooths the nearly
uniform distribution of thin blue filaments into a zonal flow with nearly uniform w.
The macroscopic velocities in figure 1(g, h) are the same to within 8%. Here, and
throughout the remainder of this paper we define a macroscopic quantity by
construction : filter out the highest spatial modes and average over one turn-around
time.

3.5. Advected velocities of vortices

Travelling waves or vortices of permanent forms superposed on zonal flows do not,
in general, advect at the speed of the local flow velocity, cf. the solitary Rossby wave
solutions of Maxworthy & Redekopp (1976). However, vortices with boundaries
defined by closed isopotential vorticity contours do. To see this, define the location
of an arbitrary distribution of vorticity X, as

Jwrr drd¢

X, = , (3.4)
i wrdrdg

and its velocity V, as DX, /D¢, or
§v(v-ds)—§%v2 ds

DX, fwur drd¢

V= 5 =V + , (3.5)
J.wr drd¢ er drd¢
fﬁwﬁr drde
where V=t (3.6)

fwrdydqs'

The integrals in (3.4)—(3.6) must be taken over the entire domain or over a region
bounded by a closed material curve — for example, a closed contour with a constant
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Ficure 2. Sketch showing how a counterclockwise vortex with 6/w > 0 (at the left of the figure)
overtakes a clockwise vortex with ¢/w < 0 (at the right). # (represented by the long straight
arrows) advects both vortices to the right at the same velocity. The image vortices (dashed
streamlines) below the boundary increase the velocity of the vortex with ¢/w > 0 and retard the
motion of the vortex with ¢/w < 0.

value of w. If there are no horizontal boundaries, it is often useful to use the entire
domain because the two contour integrals in (3.5) vanish, and then ¥, = ¥,. For a
flow with one or more isolated compact patches of vorticity, the integrals could be
taken over one of the patches. Then, ¥, is the sum of ¥, (which is # averaged over
the area of the vortex) and the two contour integrals (which are the velocity due to
the advection by the other patches of vorticity and the velocity due to the
boundaries — which could be replaced with image vortices). Thus in figure 1 (), each
of the two vortices moves approximately at the speed of its local # (which are not the
same). In §5 we show that if more than one vortex is present at late times, then each
vortex must be located at a different radial location. Therefore in general, if
dd4/0r + 0, each vortex travels around the annulus at a unique speed.

Figure 1 shows that the small red and blue vortices near the inner boundary are
both advected clockwise by ¥, but that the red vortex with ¢/w > 0 travels faster
and eventually overtakes the blue vortex with ¢/w < 0. This overtaking can be
understood by examining the sketch of the inner boundary (using a plane-parallel
approximation) in figure 2. Both small vortices (indicated by solid streamlines) are
advected to the right by the same ¥,. (The # is indicated by the arrows pointing to
the right near the boundary at the middle of the figure and to the left at the top of
the figure.) The effect of the boundaries is to produce image vortices (shown as
broken streamlines beneath the boundary). The image retards the motion of the blue
vortex with ¢/w < 0 but aids the motion of the red vortex with ¢/w > 0. Therefore
the vortex with ¢/w > 0 overtakes the vortex with ¢/w < 0.

3.6. Spectra

During the first few time-around times of the flow’s evolution some kinetic energy is
transferred from large scales to smaller scales, but most remains in the large scales.
The energy spectra E(m) as a function of azimuthal wavenumber m after 0, 6.03, and
20.7 turn-around times are shown in figure 3. This is the spectrum for a calculation
with 128 de-aliased Fourier modes in the azimuthal direction, but there was
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FicurE 3. Energy spectrum log,, E{m) of the flow in figure 1. Solid curve after 0 turn-around
times (figure 1a), dotted curve after 6.04 (figure 1g), and long-dashed curve after 20.7 (figure
1h).

essentially no change in this part of the spectrum when the calculation was repeated
with 256 modes. The spectrum E(m) is defined

Ry
E(m) = in(1 +6m’0)J lufr, t),,1%r dr, 3.7)
Rln
M
0 E =3 E(m) (3.8)
m=0

where u(r, t),, is the mth azimuthal Fourier component of u(r, ¢, t). In figure 3 we have
connected the non-zero values of E(m) with a solid line. (NB Except for m = 0, the
initial energy spectrum is zero for all even values of m and for all m > 16.) Although
the flow represented in figure 3 does not show a reverse energy cascade (as many of
our flows do — see §5) most of the kinetic energy remains trapped in the large-scale
modes. For m 2 10, the late-time spectrum of the flow in figure 1 has E(m) occ m™
consistent with the high-resolution, two-dimensional simulations of vortex-
dominated flows computed by Benzi, Patarnello & Santngelo (1987).

3.7. Family of solutions

We have repeated our numerical calculations with the same bottom topography and
zonal flow as in (3.1) but with the initial dipolar stream function given by (3.2) and
(3.3) multiplied by a constant. By varying the value of the constant we computed a
family of solutions in which the magnitude of the vorticity w varies with respect to
the magnitude of the ¢. Because neither w nor ¢ is uniform throughout the flow, we
arbitrarily define a vortex’s characteristic vorticity {w) as its maximum or minimum
value and the characteristic zonal shear (&) as the value of & at the location where
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the initial vortex has its maximum amplitude. We have explored the range
10 > |{d)/{w)|. There are four regimes — two of which are examined in this paper: the
regime |{¢)/{w)] > 4 is not of interest to us in this paper because initial vortices of
both sign are stretched into thin spirals that break apart. The regime |{¢)/{w)| <
0.1 is also not of interest to us because the vortices behave as if there were no zonal
flow present, and this behaviour has been reported elsewhere. For 4 > |{¢)/{w)| >
0.2, we find that the vortices behave similarly to those in figure 1 which have
{G)/{w) = +0.8. In particular, for the eight flows that we examined in this range we
found that within one turn-around time the vortex with {(¢)/<{w) <0 always
stretches into a spiral whose extremities are drawn to the radial boundaries. After
one to three turn-around times the spiral fragments into filaments of @ that are either
deposited at the radial boundaries or are mixed uniformly throughout the zonal flow.
The vortex with {6)/{w) > 0 remains nearly intact shedding only 3-10% of its
vorticity. This vortex oscillates, alternately stretching and contracting in the
azimuthal direction. The oscillations damp in 5-10 turn-around times, and the flow
reaches a statistically steady state. Most of the w shed during the oscillations is
reattached to the vortex. A second example of a solution in this regime is shown in
figure 4 (plate 3) after 62.1 turn-around times. Here {d)/{w) = 0.28. This late-time
flow is quite similar to the one in figure 1 (k). The main differences between the two
are that in figure 4 the small red vortex initially at the inner boundary has merged
with the large red vortex, and the large vortex in figure 4 is much rounder than the
one in figure 1 (k). (The merging is discussed in §5.) We parameterize the shape with
e which we define to be the ratio of the length of the macroscopic vortex in its
azimuthal direction to that in the radial, where we arbitrarily define the boundary
of the vortex to be the isovorticity contour with |w| = 0.1|{w)|. Not surprisingly, we
find that ¢ increases with () /{®) owing to the stretching of the vortex by the zonal
shear.

The regime 0.1 < [{F)/{w)| < 0.2 is different from the previous regime because
here vortices of both sign exist and are stable. Vortices of both sign are approximately
round (¢ = 1), but the ¢ of the vortex with {)/{w)> > 0 is always greater than that
of the vortex with {(¢)/{w) < 0. Except for vortices located initially very close to a
boundary, a vortex with {¢)/{w)» < 0 has ¢ < 1. The vortices with {(¢)/{w) < 0 are
less robust than those with {¢)/{w) > 0, as our simulations show that they can be
broken into fragments by perturbations. To illustrate exactly how we perturbed the
vortices consider figure 5 which is a schematic of the streamlines of an unbounded
steady-state vortex with {&)/{w) < 0. Here, streamlines are either closed and
bounded, or they are open and extend to infinity. In contrast, an unbounded vortex
with {¢)/{w) > 0 has only closed streamlines. The streamlines near the vortex are
closed, and the last closed streamline or separatrix (shown by a broken curve in figure
5) connects two stagnation points. Velocities along streamlines inside the separatrix
have circulations with the same sign as the vortex; outside, they have the opposite
sign. Imagine perturbing the flow by perturbing the boundary of the vortex so that
the circulation, angular momentum and enstrophy remain fixed. If the perturbation
is small, then the location of the separatrix remains nearly constant. Clearly, any
piece of the vortex that is perturbed outside the separatrix can never return across
the separatrix and is carried off to infinity. The flow cannot return to its original
equilibrium or even a close approximation of it. However, if the boundary of the
perturbed vortex remains inside the separatrix, then all the w is confined within the
separatrix, and the vortex can relax back to a state close to its original equilibrium.
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Fiaure 5. Sketch of streamlines of a steady-state flow consisting of a vortex with ¢/w < 0 (shaded
region) and a non-zero #. The two stagnation points exterior to the shaded region are connected by
the last closed streamline or separatrix, shown as a broken curve. Inside the separatrix, the
velocities along the closed streamlines have the same sign as the circulation of the vortex. Outside,
the circulations of the velocities along the open streamliines have the opposite sign.

(By conservation of energy it cannot return to its original equilibrium.) Thus the
distance between the boundary of the vortex and the separatrix sets the scale for the
size of the finite-amplitude perturbations to which the vortex is unstable. To
examine this perturbation numerically we added a perturbation to the vortex that
conserved the flow’s angular momentum, circulation and all enstrophy moments. In
addition, the perturbation had a well-defined lengthscale. (The perturbed vortex is
created numerically by integrating forward in time the equation

with the initial flow equal to the unperturbed macroscopic vortex and with 7(r)
equal to a Gaussian peaked midway between the inner and outer boundaries. This
integration creates a perturbed vortex with a ‘finger’ growing out of its side in the
azimuthal direction. The lengthscale of the perturbation is the length of the finger
and is proportional to the time at which we integrate the equation. The integration
clearly conserves the angular momentum, the two circulations, and all of the
enstrophy moments of the original flow.) Our numerical simulations confirm the fact
that the lengthscale of the perturbation that first causes a vortex to break apart is
approximately equal to the distance between the separatrix and the edge of the
unperturbed, equilibrium vortex.

We summarize our results by noting that the function ¢({(¢)/{w)) looks
qualitatively like the curve shown in figure 6 which is the exact relation for an
elliptical vortex of uniform strength (@) in an unbounded, plane-parallel zonal flow
with uniform shear (&) (Moore & Saffman 1971). Not surprisingly, the ¢({¢)/{w))
curve for our numerical family of solutions changes if we change our (arbitrary)
definitions of the vortices’ (w), or (&), or if we redefine the boundary at which ¢ is
measured. However, all of the definitions that we tried show that e increases
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TFicure 6. Relation between ¢ and (¢)/{w) for a Moore—Saffman ellipse with uniform vot“ticity {w)
and 8 =—(6)yé,. €= (14+{F)/{))fI{F>/{w)), where flx)={1+xL[(1+x)"+4x]}/2(1+%).
There are equilibria with {¢)/{w> < 0 but there is a turning point so that there are none with

(Y Kwd < —3+2v/2.

monotonically with {¢>/{w), and all show a turning point near {7)/{w) = —0.2.
Near the turning point we always find that the curve has the usual parabolic
behaviour. With our initial-value code, of course, we have not been able to compute
the unstable lower branch in figure 6.

Obviously, the €({d)/{w)) curve in figure 6 could not extend indefinitely to the
left because the distance between the separatrix and the edge of the vortex decreases
with decresing {(¢)/{w). For sufficiently negative values of (¢)/{w), a vortex would
overflow its own separatrix and could not be a steady equilibrium. The curve for the
Moore-Saffman vortices has a turning before the distance between the vortex and
the separatrix decreases to zero. Our family of vortices also has this property.
However, we must note that we have found zonal flows in which a family of vortices
extends to sufficiently negative values of {(¢)/{w) that the vortex touches its own
separatrix. At this point physically realizable solutions end abruptly, and the
streamline that marks the boundary of the vortex develops a discontinuity in its
slope. (With contour dynamics a ‘corner’ forms.) Examples of this latter case will be
presented elsewhere.

3.8. Relazation to equilibrium in a nearly dissipationless flow

The vortices examined in the last section relax from their initial non-equilibrium
state to a statistically steady flow in a few turn-around times. Although the vortices
initially oscillate, they damp quickly. It seems paradoxical that fast damping and
relaxation to an equilibrium can occur in a nearly dissipationless flow. The
explanation of the paradox is that although the total energy of the flow is conserved
within 0.1 %, the energy of the large red vortex in figure 1 (defined to be the integral
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of }(u-u) over the domain enclosed by the |w| = 0.1|{w)| isovorticity contour) is not
conserved. It decreases by ~7 % after 6 turn-around times. This energy loss causes
the damping. Although some of the energy loss is due to the shedding of vorticity
with w > 0, we find numerically that over 80% goes into the energy of the blue,
o < 0, vortex filaments.

To see how important the blue vortex filaments are in allowing the red vortex to
relax to its equilibrium, we conducted two new numerical experiments. In the first,
we repeated the numerical simulation of figure 1 (a) with the following exception : all
of the initial fluid elements in figure 1(a) not within the boundary of the large red
vortex have their w set equal to zero. That is, the initial distribution of vorticity in
this new experiment looks like the large red vortex figure 1(a) but without the two
small red vortices and with no blue or yellow vortices. In this simulation, the large
red vortex is stretched azimuthally by # and oscillates. After 10 turn-around times
it has lost less than 1% of its energy (owing to vortex shedding) and the oscillations
have not noticeably damped. Our second new experiment is a repeat of the previous
one with the exception that a uniform distribution of blue filaments of w is added to
the initial flow. (The filaments are created with a Fourier-Chebyshev series with
random-phase coefficients Gaussianly distributed around a large radial and
azimuthal wavenumber. The velocity is then transformed into physical space and
filtered with a Gaussian peaked at w = —0.3.) In this experiment the oscillations of
the large red vortex are damped. After 10 turn-around times the vortex loses over
6% of its initial energy to the blue filaments, and the macroscopic vortex is steady.

Thus for this family of vortices, we argue that the large coherent vortex relaxes to
equilibrium by transferring energy to the small-scale, temporally chaotic, fluid
filaments of w rather than by vortex shedding. We have shown that the dynamics of
vortices qualitatively differs if the vortices cannot lose their energy and thereby relax
to equilibrium.

Because the filaments of vorticity with ¢/w < 0 promoted the fast relaxation of
the large vortex with ¢/w > 0 to its equilibrium, we were curious whether the final
equilibrium was a function only of the values of the conserved quantities listed in §2
and whether the flow lost the memory of all of the other properties of its initial
condition. (The answer to this question is of importance to anyone who attempts to
use statistical mechanics to predict final equilibria.) To answer this question we
repeated the experiment shown in figures 4 and 1 (a) five times, each time varying the
initial radial location of the large blue and red vortices from r = 0.75[}(R,, + R,,,)] to
r = 1.25[}R,, +R,,,)]. We also varied the initial azimuthal separation between the
blue and red vortices so that the energies, momenta, circulations, and enstrophies of
the five flows were the same. (By symmetry, the circulation, f wr®dr dg, and E™ were
zero for all five flows. The initial azimuthal separations were chosen to make the
energies the same to one part in 10°. Because the initial vortices were approximately
isolated we expected that changes in their initial locations would have little effect on
the flows’ enstrophies, and we found this to be true; the first three moments of the
enstrophies of the five flows differed by less than one part in 10%.) Each of the five
flows evolved to form one large red vortex, but the vortex’s final radial location was
not the same for all five flows and in each case was approximately equal to its initial
value. Thus for these flows, the final equilibria were not just functions of the
conserved quantities; the flows retained the memories of the initial locations of the
large red vortices. (In other flows where the evolution is less laminar and where there
is more mixing, the final flow does depend only on the values of the conserved
quantities and loses memory of the original vortex locations — see §5.4.)
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Finally, we note that we have repeated all of the numerical experiments in this
section with a flat bottom topography and with

? =Rout+Rin ,’,_(Rout+Rin)3
¢ 12 4r '

(3.9)

Midway between the outer and inner boundaries of the annulus, this zonal flow has
the same values of ¢ and ¥, (zero) as the zonal flow used in figure 1. We found that
all of the qualitative features of the family of vortices in §3.7 were shared by the
families of vortices produced in this zonal flow. We speculate that any zonal flow in
which &(r) does not change sign and does not change in magnitude over lengthscales
smaller than the size of the vortices also shares these properties. Of course if ¢(r) does
change sign, the dynamics can be strikingly different as shown in the next section and
by Marcus (1988).

3.9. Behaviour when &(r) changes sign

In §3.2 we showed that large vortices move according to the sign of {(¢)/{w); when
{d>/{w) < 0, the vorticity is drawn into a spiral and pushed to the radial
boundaries; when {d)/{w) > 0, the vorticity is focused approximately midway
between the radial boundaries. By examining vortex dynamics in a zonal flow in
which @(r) changes sign, we now show that this movement depends upon the local
sign of ¢(r)/{w), where {w) is defined as before and &(r) is the value of the zonal
shear at the vortex’s current location and which changes in time as the vortex moves.
We use the zonal flow

A Rin+Rou ) ®
3y = _%72[2+(———2r : ) ] (3.10)
3
which has é(r) = %T[(g_n%) — 1]. (3.11)

The bottom topography is A(r) = — (r —3§). The zonal flow has two distinct bands. The
inner band with R, <7 <}(R;,+R,,) has &(r) > 0; the outer with }(R,, +R,,,) <
r < Ry, has 6(r) < 0. The initial w is shown in figure 7 (a) (plate 4) and consists of two
vortices in each band — one counterclockwise (red) and one clockwise (blue). The red
vortex in the outer band and the blue vortex in the inner have &(r)/<{w) < 0, and
figure 7(b) shows that both are stretched into spirals with ends drawn to the
boundaries of the band — either the boundary of the annulus or the boundary
between the bands at r = }(B,, + RB,,,). The blue vortex in the outer band and the red
vortex in the inner, both with &(r)/<{w) > 0, remain almost unchanged. As the
leading edges of the spirals with &(r)/{w) < 0 pass between the two bands, the  rolls
up to form two small clumps at the end of each spiral (figure 75, ¢). Once these small
clumps of w have passed from one band into the other, they are in background shears
with ¢(r)/{w) > 0. The clumps then detach from their respective spirals and form
stable vortices (figure 7d). The remaining pieces of the two spirals that do not cross-
over into the neighbouring band fragment and end as filaments of w dispersed
throughout their respective bands. After a few more turn-around times each of the
two small surviving vortices in figure 7 (d) merges with its neighbouring large vortex.

The size of the clumps of vorticity that pass across the r = YR, +R,,,) boundary
into the neighbouring band and survive as coherent vortices depends crucially on
their initial locations. In particular, it depends on the difference between the
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timescale for the leading edge of a spiral to cross into the neighbouring band and
either the timescale for the linear instability to grow to finite amplitude and
fragment it or the timescale for the thin spiral to dissipate. For example, increasing
the distance between the initial locations of the four vortices in figure 7(a) and the
r = }(R;, + R,,;) boundary by only 10 % prevents the leading edges of the spirals from
reaching the boundary before the spirals fragment, and no coherent clumps of
vorticity pass into the neighbouring bands.

Marcus (1988) examined a zonal flow with sinusoidal &(r) and 44(r) such that there
were four concentric annular bands with the sign of ¢(r) changing between each band
and found that with four bands as well as two, all large vortices with ¢(r)/{w> < 0
either fragment or are pushed to a neighbouring band where they are stable. Thus we
conclude that in a zonal flow in which () changes sign, it is the local instantaneous
sign of g(r)/{w) that determines the vortex behaviour.

4. Unstable vortex layers in shear flows
4.1. Early evolution — linear behaviour

The breakup of a vortex layer has been studied by a number of authors (cf. Dritschel
1985). Here, we examine the breakup of vortex layers and their late-time behaviour
when they are embedded in zonal flows. Our motivation is not that we are interested
in the behaviour of vortex layers per se, but that their behaviour is illustrative of
much of the dynamics of vortices in a zonal flow, and they provide an analytically
tractable example of how the exchange between the interaction energy and self-
energy affects vortices. In particular, we shall show that whether the layer breaks up
to eventually form one large vortex or successively smaller filaments depends on
whether the self-energy increases or decreases, which in turn depends on the sign of
glw.

We begin by examining a flow that initially consists of the superposition of a
shearing zonal flow

6«;5 = %r(zr_Rin _Rout) (4‘1)
and an axisymmetric vortex layer with vorticity

0.833
©=

r

sech?[10(r—0.833)]+ w, (4.2)
and velocity

0.0833
’U¢ = ’

2

{tanh[10(r—0.833)}—tanh[10(R1,,—0.833)]}+§w0<r—§;—“), (4.3)

v, =0. (4.4)

Asin§3, h(r) = (r—% and B, /R, = 0.25. (The value of w, in (4.3) and (4.4) is chosen
to be consistent with the definitions of C; and C, in §2.2.) The vortex layer is centred
midway between the inner and outer radial boundaries, has radial thickness of
approximately 0.2, and an w that is approximately uniform throughout the layer
with a value of unity, so in the layer ¢/w = 0.28. Note that ¢/w > 0 throughout the
entire flow. The initial & is shown in figure 8(a) (plate 5). Because the vortex layer
is axisymmetric it is a steady-state solution to the equations of motion and has no
linearly unstable axisymmetric perturbations. Because our computational method
preserves the symmetries in the round-off errors, the vortex layer in figure 8(a) is also
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a stable equilibrium solution of our initial-value code. To examine non-axisymmetric
instabilities we add a small random component to the initial flow with an energy that
is 107 of the energy of the axisymmetric component of the vortex layer and is so
small that it is not visible in figure 8(a). This new flow is linearly unstable, and its
subsequent evolution is shown in figure 8(b-%) (plates 5, 6). Not surprisingly, the
early time evolution is dominated by the most unstable eigenmodes of the vortex
layer. We have numerically computed these eigenmodes and their eigenvalues and
found that they are similar to those of a model vortex layer that has uniform
strength with w = 1 for (0.833—0.1) = R, < r < R, = (0.833+0.1) and & = 0 outside
this annular strip. The advantage of studying the model vortex layer is that although
the vorticity is discontinuous, the linear and weakly nonlinear dynamics can be
computed analytically in closed form. The fastest growing eigenmodes of both the
actual and the model vortex layer are of the form e'3* and have their greatest
amplitudes at the outer edge of the layer. This is shown in the fully nonlinear solution
in figure 8(b) at ¢ = 3.34 (in turn-around time units based on w = 1). The fact that
amplitude is greater at the outer edge is due to the curvature of the vortex layer and
not due to d,(r) or h(r); it is shown in the Appendix that, as the curvature goes to
zero, the amplitudes at the two edges become equal regardless of the functional form
of 13¢(r) and A(r). The fact that the fastest growing wavenumber in figure 8 (b) is small
is because the azimuthal wavenumber m of the fastest growing eigenmode of an
unbounded, annular, vortex layer with uniform strength w is

2 o) 2 w om
= = 4.5
= () ) )] (2
where we define the characteristic shear of the zonal flow at the layer as
_ 2 @(Rz)_ﬁ,,,(l?o)
@= 1_7’2( R, R, (46)

and y = R,/R,. For thin vortex layers, i.e. y > 1, (&) approaches the value of §(r) at
the vortex layer. For {¢)/w > —1, equation (4.5) shows that the fastest growing
wavenumber m increases with decreasing {&)/w. For 0 > {(¢)/w > —1, m increases
very rapidly as {d)/w decreases and becomes infinite as {(¢)/w->—1. For
{¢)/w < —1, the flow is linearly stable. (See figure 9 and the Appendix.) Equation
(4.5) agrees very well with our numerical calculations of the eigenmodes of the
continuous vortex layer in (4.2) and with the solutions of the initial-value code. The
phase speed of the eigenmode of the model vortex layer is §[ (uy(R,)/R,) + (uy(R,)/R,)],
and we have found that this is the approximate phase speed of the eigenmode of the
actual layer and is approximately equal to the pattern speed in figure §(b).

4.2. Weakly nonlinear growth

Much of the subsequent evolution of the breakup of the vortex layer can be
understood by a finite-amplitude expansion and the use of the conservation laws. Let
the model vortex layer be initially perturbed by its most unstable eigenmode with
amplitude ¢ and wavenumber m. The locations of the two edges of the vortex layer
are then

R,(t,§) = B, +€2A,(t) + €A, (t) e™ +€24,(t) 2™ + O(c®), 4.7
R,(t ) = B, +€2B,(t)+ €B,(t) ™ + 2B, (t) e2™¢ + O(c?), (4.8)
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FIGURE 4. The w of a flow that initially looks like that in figure 1(a), but with 6/w one third the strength.
The flow is shown after 62.1 turn-around times. The vortex is much rounder than the one shown in figure
1¢h) and it has swatlowed the smaller vortex that was initially near Ry,

MARcUS



Plate 4

Journal of Fluid Mechanics, Vol. 215

@)

‘J[ey Jaino ayy
woly pajoafo pue ey Jouur Syl Ul S[qEIS 218 SION0A (Par) asimydorauno)) (%Y + "My) 7 18 anjea AN[osqe 1S[RWS
SIE SBY INQ SSIMI0[O AIOYMAIIAD SI MO[J [BUOZ Y} JO ANdO[A Je[nSue Sy, ‘pueq Jauul 3y) ut O < (4)@ pue snjnuue
51 JO pueq JOMNO Y Ul () > (£)g dIoym spueq om) yiim (O1°c) uonenbs AQ USAIS MOJJ [BUOZ B U SIDILIOA °L HANOIJ

MARcuUs



Journal of Fluid Mechanics, Vol. 215 Plate 5

—_ =
S S)

(a)
(c)

MARCUS



Plate 6

Journal of Fluid Mechanics, Vol. 215

"SOWI) PUNOIe-UIN) 967 PUB ‘b9 ‘179 ‘€L'S ‘Ov'y ‘TYE ‘PE'E ‘0 FYV (¢ - ) "D X3L0A Y}
JBoU pIUIRIIUS pInYJ (MO[[9A pue an[q 1yS1)) [euoneIoLIl o) 103fo pue JoyeS01 S81ow ‘Isylo yoes woyy deredss s
-10A 231 oYL, “(ouo Suimoid Apider 1sour ayy) apowusde sLyowAS Pjoj-931y) e ojul dn $YBAIQ 1oAY 2y, ‘] N3y ul
S8 AJO0[9A [BUOZ SUIES dUI YIAM PUB §7°0 = /0 YNm IOAR[ Ieoys S[qeisun A[IB3UI] € JO ™ 9y} JO UOHN[OAY "§ FANOI]

(3)

(2)

MARCUS



Journal of Fluid Mechanics, Vol. 215 Plate 7

(b)
@

MARCUS



Plate 8

Journal of Fluid Mechanics, Vol. 215

‘SOWN pUNOIe-uIn}
ynm pue ‘7 2in3y ui se

4

9T PUB ‘069 ‘b0'9 LI'S ‘IEY ‘SH'E ‘6771 ‘0 1oYe MmOy 31 0] puodsaiio) (4 - v) ¢ = 4y
awes o) Yum ‘(O = ™/ Ylm SIONI0A Om] Yum Suniels ® Jo uonnjoAq Q[ JdNOIJ

(3)

MaARCUS



Plate 9

Vol. 215

al of Fluid Mechanics,

Journ

®)

(9




<

*S3WI) PUNOIB-UIN} £'[S PUB §°HE “S°ST ‘IEH ‘BE'T ‘PO’ T OPE°0 ‘0 101 MO} 91 0} puodsario)) (i - p) "sa[eds aanedissip

‘[lewis oYy o) soreds ofre; oyl wolry Apoorp Aydomsud Jullrgsues) SUOISI[[OD XalI0A Y} AQ pasned UONEIUIWE|l
ayy 03 anp (spaxid par jo uononnsap pue) Aydonsus jo uonedissip Jo junowe 31| B st UYL O < ®/0 pue | Uy ur
SB 4 SWES Y] YUM PUB ‘b7H'Q = ™ Ylim SIDIU0A Jo uaped preoqrayosyo & yum A[feniur ™ jo uonnjoaq °|| J¥nN9L]

Plate 10

Journal of Fluid Mechanics, Vol. 215

Marcus



Vortex dynamics in a shearing zonal flow 411

7

\\ Stable
2 / ﬁ\.‘ |

S

W

e
i R C S

(e +w)/w

F16URE 9. The unstable wavenumbers a of a planar vortex layer of strength & embedded in a planar
zonal flow with shear {¢). The fastest growing mode for fixed ({¢)+w)/w is shown by the long-
dashed curve. The dotted curve is « = w/({¢) +w). The two solid curves and the long-dashed curve
all approach the dotted curve as ({¢) +w)/w—>0.

with 44(0) = By(0) = 4,(0) = B,(0), and 4,(0) and B,(0) equal to the coefficients of
the normalized, most-unstable, eigenmode (given in the Appendix). Conservation of
the two independent circulations requires that

2n R, (¢, $) 21 'Ry(t, )
J d¢ J rdr and J d¢ f rdr
0 0 ) 0

are time-independent, or equivalently

440 = — = 4,0 [~ |4, 0) ]+ (e, 4.9)
Byt) = — = UB O ~ B, O] +0(e), (4.10)

Because |4,(t)|* and |B,(t)|* increase approximately exponentially at early times,
Ay(t) and B(t) decrease exponentially at early times, and the vortex layer moves
radially inward. This behaviour is observed in the flow in figure 8. Note that this
behaviour is independent of the functional forms of A(r) and 6(r) and so is also true
for annuli with flat bottom boundaries and for flows with ¢, = 0.

Conservation of angular momentum requires that

21 Rylt, &)
f d¢ J ridr
o Ry, 9
is time-independent, or equivalently

[B1(&)F—1By1(0) '] = (B,/R,)* [|4,()* —|4,(0) ]+ O(€?). (4.11)

Equation (4.11) shows that the growth of the perturbation at the outer side of the
vortex layer is slower than the growth at the inner side, regardless of the values of
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4 and h(r). This is illustrated in figure 8; although the perturbation is initially larger
at the outside edge of the layer, the asymmetry of the edges decreases in time.

The conservation of energy and the exchange between the vortex layer’s self-
energy and the interaction energy are particularly useful in understanding the
weakly nonlinear behaviour. The change in the interaction energy of a model vortex
layer embedded in a zonal flow is (using the definition in (2.20))

ER()—E0) = —J [(r, ) — w(r, 0)] Y (r) r dr dg
D

RURE Ry

= TRUERD) (6 ulld, 0P 14,0) P + 0. (4.12)

To obtain {4.12) we used (4.4)-(4.11), the definition of (&) in (4.6), and carried out
a Taylor expansion of f’“‘"’lff(r)rdrdgb about r = B, and r = R,. Equation (4.12)
shows that the change in £ is independent of the detailed functional form of B4(r)
and depends only on the value of (&) as defined in (4.6). For {(6)>/w > 0 (as in the
flow in figure 8), when [|4,(¢)|*—|4,(0)|?] increases in time, E'™(¢) decreases. Because
the total energy is conserved, E*®!(t) must increase. The hallmark of a flow with
increasing E®®'f is that it evolves from its initial conditions into one in which the
spatial distribution of w becomes more compact. The formation of the three vortices
and their subsequent merger shown in figure 8 is consistent with this picture, and we
have found numerically that E™ decreases monotonically throughout the entire
evolution. Equation (4.12) also shows that for an unstable flow, when

—1<<{6>/w <0,

E™ increases, and K decreases in time. The hallmark of a flow with decreasing
E*° is that the distribution of w becomes dispersed. Our numerical simulation of the
initial flow in figure 8(a) with  replaced with —w and with the same zonal flow as
in figure 8 shows the vortex layer is unstable with respect to small-wavelength
eigenmodes as predicted by (4.5). The layer breaks into thin filaments that become
dispersed throughout the annulus. No large vortices form, and E® decreases
monotonically throughout the evolution. In summary, the vortex layer’s behaviour
depends on whether £*f decreases or increases in time, which in turn depends on the
signs of {(d)/w and d4,/dt. For {¢)/w > 0, the layer is unstable, so d4,/d¢ > 0 and
E=e" increases; for 0 > (&)/w > —1, the layer is unstable, so d4,/d¢ > 0 but E*!
decreases; and for —1> (6)/w, the layer is neutrally stable, so an initially
perturbed layer has d4,/d¢t = 0 with E®!f constant.

4.3. Nonlinear behaviour — expulsion of weakly rotating fluid and merger

The full details of the late-time flow, of course, cannot be determined from (4.12)
alone. Our numerical simulation shows that the three vortices in figure 8 (b) separate
from each other (owing to the small amount of numerical dissipation and diffusion)
and then merge together. The resulting large vortex in figure 8 (%) is distorted from
an ellipse into a ‘croissant’ shape by the proximity of the annular boundaries. The
vortex is large because the initial red vortex layer has a large area and this area is
conserved when there is no dissipation. During the merger of the three red vortices
some o is shed filaments. Most of the red and orange filaments reattach quickly.
Some of the yellow reattaches, but much does not, and it migrates to the boundary
layers or ends up dispersed in the zonal component of the flow. The filaments make
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the resulting zonal component of the flow temporally chaotic, and although the
potential vorticity of the macroscopic zonal flow remains uniform, there are large
fluctuations in it on the lengthscale of the filaments. Most of the vorticity that goes
into the filaments is shed from the large vortices during the violent collisions between
t=3.5 and { = 8. The area of the large vortex in figure 8(g) that lies within the
isovorticity contour with w = 0.8 is 93 % of the area of the initial flow in figure 1 (a)
with @ > 0.8. Less than 1% of this circulation is lost through dissipation ; most goes
into the shed filaments. From ¢ = 0 to ¢ = 8 the total energy of the flow decreases by
less than 0.1 % owing to dissipation. However, the energy of the flow inside the v =
0.8 isovorticity contour of the large vortex decreases by 8%. This energy is
transferred to the filaments dispersed throughout the zonal flow. It is this energy
transfer from the large vortex to the filaments that allows the large vortex to relax
to its equilibrium state in a timescale that is fast compared to the dissipative one.

As the vortices in figure 8 merge together, they initially sandwich a lot of less
rapidly rotating, yellow, w between them (shown at the bottom of figures 8d—f).
Most of this less rapidly rotating fluid is ejected to the outside of the two merging
vortices on the fast, advective timescale before it is completely encircled by
isovorticity contours with large w. However, some less rapidly rotating (yellow) fluid
with w = 0.4 does get trapped and surrounded by isovorticity contours with w = 0.8.
If the flow were dissipationless, it would be impossible for this yellow fluid to pass
across these isovorticity contours and escape the vortex. Our calculations show that
in a few turn-around times most of the yellow w & 0.4 fluid is pushed from the vortex
centre to the periphery but not outside the v~ 0.8 contours. Once at the periphery,
the yellow fluid remains there as a compact region and orbits around the centre of
the vortex with the velocity of the surrounding fluid. Only on a long, dissipative time
does the entrapped fluid with w & 0.4 break up or dissipate. Approximately half of
it is spun up by the surrounding fluid and loses its identity by increasing its w
(turning from yellow to red). The other half leaks to the outside of the large red
vortex and remains attached there. (This is determined numerically by following
particle paths.) Most, but not all, of the less rotational yellow fluid is gone from the
interior of the final vortex in figure 8.

Thus, to fully understand the merging of the vortices in figure 8, it is necessary to
understand how a vortex with a local minimum of || at its centre expels the less
rapidly rotating fluid. Inviscid linear theory can be used to calculate the unstable
eigenmodes of a zonal flow superposed with a model vortex with a local minimum of
lw| at its centre (see the Appendix); however, the mechanics of how the instability
turns the vortex ‘inside out’ so that the less rapidly rotating fluid is on the outside
can only be determined from a numerical calculation with dissipation. Therefore we
have examined numerically a one-parameter family of flows whose initial states
consist of a vortex with strength unity nested inside and concentric with another
vortex of strength (1+ y}j. The nested vortices are superposed on the zonal flow in
equation (4.1) such that their centres are located at r = }(R,, + R,,;). The two nested
vortices both have ellipticity equal to two. Their major axes are both aligned in the
azimuthal direction. Specifically, the value of w of the initial flow is

® = [1 +Lx(1 +tanh {60[(x2 4+ 4y2)t— 0.16]})] 1(1 — tanh {60[ (2% + 442)i— 0.32]})],
(4.13)

where x and y are the local Cartesian coordinates with origin at the centre of the
vortices and wx-axis aligned with the azimuthal direction. The value of w is constant
along concentric elliptical contours with ellipticity of two. The semi-major axes of
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the inner and outer nested vortices are 0.16 and 0.32, respectively. For y <0, the w
of the vortex decreases from the centre to the edge, and our numerical calculations
show that the vortex relaxes to its equilibrium without expelling fluid from its
interior. For y > 0 the fluid at the centre is less rapidly rotating, so there is a local
minimum of |o} inside the vortex, and we have observed two distinct types of
behaviour. For y > 0.1 the vortex breaks apart violently in less than one turn-
around time so that the less rapidly rotating fluid at the centre of the initial vortex
is no longer trapped. The fragments of the vortex remerge so that none of the less
rapidly rotating fluid remains in the interior, and w decreases from the centre of the
vortex to the periphery. For 0.1 > y > 0 the vortex behaviour is similar to the
dynamics exhibited by the three vortices formed from the unstable vortex layer in
figure 8: within 3 turn-around times most of the less rapidly rotating fluid with w =
1 is pushed off-centre but remains as a coherent, compact, roundish blob, that orbits
around the vortex centre inside the w = (1+ y) isovorticity contours. After several
hundred turn-around times it either dissipates or leaks to the outside of the vortex.

We have repeated all of the numerical calculations of this section with A(r) = 0 and
34(r) = 0.0937 [(4r/ (R, + Boy)®) — (1/1)]. This zonal flow is similar to that in equation
(4.1) in that they have the same value of (&) (as defined in (4.6)). At r = }(R,,+R,,,)
they both have 4, = 0 and the same value of ¢ to within 3%. The dynamics, and in
particular the pictures of the evolution of w, are qualitatively similar for the two
zonal flows; thus, we speculate that the behaviour shown in figure 8 is common to
zonal flows in which &(r) does not change sign, has the same order-of-magnitude
strength as the layer’s vorticity, and has variations over lengthscales longer than the
layer’s thickness.

5. Mergers in shear flows
5.1. The merger of two vortices

In the last section we saw an example of vortex merger. Mergers are common in our
initial-value experiments, and in some ways resemble the mergers of isolated vortices
observed by Overman & Zabusky (1982) and Dritschel (1985) in flows without zonal
velocities. There are however several important differences: In a horizontally
unbounded flow with § = 0 angular momentum around all points is conserved, so

J wlr—r*rdrdg¢ (5.1)
D

is conserved for all values of r,. Thus, two vortices with the same sign are prevented
from coming close together and merging at ry by an angular momentum barrier,
unless (i) there is a third vortex to absorb the excess angular momentum, or (ii) the
two vortices are initially both very close to each other (and to r;), or (iii) the two
vortices fragment and shed some w during their merger, with the shed fragments
moving far from r, carrying most of the angular momentum. If annular horizontal
boundaries or a non-zero # are present, then angular momentum is conserved only
about the origin; thus, two vortices initially far from each other have no angular
momentum barrier and are free to come together and merge (but not at the origin).
In fact, the differential rotation of # brings distant vortices close together on a fast,
advective timescale. Another difference in which a zonal flow affects vortex mergers
is that it allows an exchange between E*®'' and E™. Small-scale filaments of w
dispersed throughout the zonal flow also cause a difference between the mergers of
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vortices examined in this paper and the mergers of isolated vortices. These last two
differences are important in the balance of energy and are discussed in detail in §5.3.

An example of a vortex merger in a zonal flow with uniform w, superposed with
small-scale filaments of vorticity is shown in figure 10 (plates 7, 8). Initially (figure
10a) the zonal flow contains are no filaments — only two identical vortices positioned
at the same radial location in the annulus and separated azimuthally by 557/64 rad.
The initial stream function is

Yir, @) = —g(r, p—in) —g(r, g + 417/64), (5.2)

where g(r, ¢) is defined by (3.3). The bottom topography is k(r) = (r—3%), and the
zonal flow is ¥ = §r(2r—R;,—R,,,,), so that ¢/w at the vortices is positive and of
order unity. Our motivation for choosing the initial 55n/64 rad separation is the
following. A flow with two identical vortices initially separated by 7 rad is two-fold
symmetric. Because the symmetry is preserved the vortices can never merge.
However, the flow is linearly unstable to non-two-fold symmetric perturbations that
move the two vortices to different radial locations. Once the two vortices are at
different radial locations the differential rotation of ¢, brings them together. Our
numerical code is designed so that its round-off errors also preserve the two-fold
symmetry. Thus our initial separation of 551/64 is used to break the symmetry while
keeping the initial vortices well separated.

When the symmetry is removed, the v-component of the flow causes the two
vortices to rotate about their common centre of vorticity ; the vortex at ¢ = n moves
quickly to a location with slightly larger radius, and the other to a smaller. Both
vortices shed filaments and become more elliptical (figure 10b). The values of their
ellipticities are related to the local value of ¢'/w as described in §3.7. Some filaments
reattach to the large vortices, but about half do not and become distributed
throughout the zonal flow with nearly uniform density. After the differential rotation
in d; brings the two vortices together (figure 10c), they merge and expel the less
rotational, yellow and light-blue coloured fluid entrained between them (figure 10d).
The close proximity of the two vortices just before merger produces a large strain
which in turn causes two filamentary whiskers of & to form (figure 10e, f). The
whiskers break off (figure 10g) and fragment with some of the fragments rejoining the
vortices, some going to the boundaries of the annulus and some distributing
themselves throughout the zonal flow. Although the time for the vortices to approach
each other is sensitive to the initial azimuthal separation, once the two vortices are
separated by a vortex diameter, the merger itself takes between one and two turn-
around times. Here, the characteristic turn-around time is defined to be 471/0.34.
Note that the resulting merged vortex in figure 10 must have approximately the
same strength of vorticity, total area, radial location, and ellipticity as the two initial
vortices, owing respectively to the conservation of vorticity, circulation, angular
momentum, and the fact that the ellipticity is a function of ¢/w. Dissipation and
vortex shedding make the conservation laws inexact. For example, the area of the
merged vortex in figure 10 (k) inside the w = 0.25 contour is only 97 % of the area
in the initial flow in figure 10(a) for which w > 0.25. The missing 3 % is mostly in the
filaments distributed throughout the zonal flow. Less than 1% is lost by the
numerical dissipation. The flow in figure 10 (%} is time-dependent and is steady only
in a statistical sense because w is continually exchanged between the large vortex and
the filaments in the zonal flow.
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5.2. Multiple mergers

In order to determine whether or not all large vortices in a zonal flow merge together,
we consider a zonal flow superposed initially with several large vortices all with
approximately the same value of w such that ¢/w at the vortices is positive and of
order unity. Our initial flow is the checkerboard pattern shown in figure 11 (a) (plate
9). The initial distribution of w is chosen to be slightly irregular (so that there are no
symmetries that could be conserved by our initial-value code) and such that the
vortices are square in shape (i.e. far from equilibrium so that they quickly shed some
of their w as filaments). The boundaries of the annulus, bottom topography, and # are
the same as in figure 10. The initial vorticity in figure 11(a) is

w(r, @) = ().56( (r,0.58) é g{mod [(¢ — in + imj), 2n]}
f(r,0.83) Eﬁ_‘, g{mod [(¢ — 31 + 2mj), 2n ]}

7
f(r,1.01) 2 gimod [( —%n+%nj),2n]})

+ w,, (5.3)
where f(r,s) = Htanh [30(r —s+0.1)] — tanh [30(r —s—0.1)]}, (5.4)

g(¢)——%{tanh[ln8(¢ +§%)] ta h[128( —n—;%)]}, (5.5)

and o, is chosen to be consistent with the definitions of C; and C, in §2.2. The
maximum value of the initial w is 0.424, The 19 initial vortices shear, shed vorticity,
approach each other, and merge (figure 11a-A) (plates 9, 10). The final flow has two
elliptical vortices. The ellipticities of the two are different, but both are consistent
with the ellipticity—d/w relation discussed in §3.7. The vortex collisions cause a large
amount of w to be stripped from them. Although much of this & gets dispersed
throughout the zonal flow as filaments, approximately one-third is lost through
dissipation; the flow in figure 11 (%) has only 32 % of the enstrophy of the initial flow
value. The high rate of dissipation is because most of the stripped w is put directly into
the small, dissipative scales. Despite the large dissipation and stripping, the angular
momentum is conserved to a few parts in 10°, and the energy undergoes a reverse
cascade. The energy spectra at three different times are shown in figure 12. Most of
the energy of the non-axisymmetric component of the initial velocity is in azimuthal
modes with m > 5. By 5.17 turn-around times, most shifts to the modes with 0 <
m < 5, and this reverse cascade continues for more than 58 turn-around times. An
analysis of the enstrophy spectra show that enstrophy cascades to the small scales
in bursts that correlate in time with the stripping of @ from the large vortices.
The fact that the final flow in figure 11 (k) has two vortices is not significant. We
have found examples of initial flows with 19 vortices that are only slightly different
from the checkerboard arrangement in figure 11 (a) that produce one, three, or four
final vortices. The number of final vortices depends on the order in which the vortices
merge. We have found that two vortices merge if and only if their radial separation is
less than a critical value which is of order the radius of the larger vortex. (We calculate
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Fiaure 12. Energy spectra log,, E(m) of the flow in figure 11 with the solid curve after 0
turn-around times, dotted curve after 5.17, and long-dashed curve after 58.2.

this value in the next section.) Therefore when the vortices merge as in figure 11, so
that the first mergers leave one cluster of vortices near the outer boundary and
another near the inner, the vortices within each cluster merge into a single vortex.
Because the two remaining vortices are then separated by more than a vortex radius
they themselves do not merge together, and the final flow has two vortices. For the
final flow to have only one vortex, it is necessary that the vortices merge in an order
so that no vortex is ever cut off from its neighbours by a radial distance larger than
a vortex radius.

Another interesting feature of multiple vortex mergers is the homogenization of
potential vorticity in the final merged vortex. To demonstrate this we used the same
initial checkerboard pattern as shown in figure 11(a), but we gave each vortex a
different and nearly constant value of w ranging from 0.34(r) to 34(r). From the
results in §4, we had expected that, in the limit of no numerical diffusion of vorticity,
the distribution of w within the final vortex would have arranged itself into distinetly
stratified layers like an onion, with the largest w at the vortex centre and decreasing
monotonically outward. With numerical diffusion, we expected the boundaries
between the layers to blur and the w to decrease smoothly and monotonically from
the vortex centre outward. Instead, we found that the final vortex had nearly
uniform w with a mean w of 0.8¢ and a variation (in the central 75 % of the vortex)
less than 10 %. Diffusion made approximately half the w spin-up and half spin-down.
The explanation for the unanticipated behaviour is the following. As the initial
vortices merge they are broken into small fragments. Just after the fragments all
bind together into a single vortex, there are two competing effects: (i) at a rate that
increases with fragment size, the fragments stratify so that those with the largest |w|
are at the centre, and (ii) at a rate that decreases with fragment size, the vorticity
of the fragments diffuses so it approaches a common value. In our numerical
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experiments the size of the fragments and value of the numerical diffusion were such
that the vorticity diffused to a constant value before the fragments had a chance to
stratify.

In summary, we have found that vortices with ¢/w > 0 merge on a fast, advective
timescale. Undoubtedly, this propensity to merge is responsible, at least in part, for
the finite-amplitude stability of vortices with ¢/w > 0 in very turbulent shear flows
like those studied by Sommeria et al. (1988). A vortex in a turbulent shear has
fragments of w continually torn from it. These fragments and other filaments in the
zonal flow with ¢/w > 0 continually merge with the large vortex and a statistical
equilibrium is maintained. If the zonal turbulence were to split the vortex into two,
then the two pieces would recombine. Our numerical simulations show that vortices
with ¢(r)/w > 0 merge with their neighbours (within a critical radial distance) and
grow in area until all of the vortices have merged together, but there is one exception
to this result : If the sign of ¢(r) changes with », then a vortex with ¢(r)/w > 0 merges
and grows until part of it overflows into the region where the shear of the zonal flow
changes sign. Van Buskirk & Marcus (1990) have shown that the vortex can only
penetrate a finite distance into this region, and so the vortex continues to merge with
other vortices of like sign, but the rate at which it gains area is balanced by the rate
at which it loses it through the shedding of filaments in the region of the zonal flow
where a(r)/w < 0.

5.3. Critical separation distance for vortex merging

In order to determine the critical separation for vortex merging, we ran a series of
experiments consisting of a zonal flow superposed with two identical vortices whose
centres were located radially at r = }(R,,, + R,,) £ 1Ar and separated azimuthally by
551/64 rad. By varying the impact parameter Ar and observing whether the two
vortices merged, we determined the critical impact parameter Ar.,, above which
vortices do not merge and below which they do. We carried out the experiments with
two different zonal flows, one given by equation (3.1) and others by (3.9). We also
varied the characteristic value of the initial vortices’ w from 0.3 to 3.06%(R,,; +R;,)
in increments of 0.264R,,, +R,,;). Each of the initial two vortices was designed so
that it would have been in equilibrium if the other were not present and if it had been
located at r = }(R,,,+R;,). (We chose quasi-equilibria for initial conditions to help
minimize the shedding of @ and thereby conserve the circulation of the large
vortices.) Our initial flows also included the superposition of a uniform distribution
of small-scale filaments of vorticity as described in §3.7.

To summarize our results: the two, initial, quasi-equilibrium vortices shed
(without eventual reattaching) very little w, less than 1% of their circulation. When
two vortices merge, the angular momentum of the final vortex is within 1% of that
of the two initial vortices. This implies that the transfer of angular momentum from
the vortices to the filaments is nil. Less than 0.1 % of the energy of the initial vortices
is lost through dissipation, but there is a large transfer of energy, up to 10 %, from
the vortices to the filaments. When two vortices merge, the final vortex is always
(statistically) steady with an ellipticity as described in §3.7. Using these observations
we developed a test for predicting vortex merger based on energy arguments. The
test successfully predicts the critical impact parameter Ar,,,,.

To apply our test, first divide the velocity into two parts: (i) a large, temporaily
coherent component consisting of # and the component of v due to the large vortices,
and (ii) a temporarlly incoherent part due to the filaments of w in the zonal flow. (The
coherent part is defined numerically by using a time-averaging algorithm.) If none
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of the filaments of w in the zonal flow merges with the vortices or attaches to the
boundaries of the annulus, then the circulation and all of the enstrophies of both the
temporally coherent and incoherent components are conserved independently. In
addition, if the distribution of filaments remains macroscopically uniform throughout
the zonal flow, the angular momenta of both components (which depend on the w-
weighted average value of r?) are independently conserved. However, the energies of
the two components are free to change. The energy of the temporally incoherent
component changes when the microscopic distribution of filaments changes. For
example, if pairs of like-signed filaments of w bind together while keeping the
macroscopic distribution of pairs uniform, the energy of the temporally incoherent
component increases while keeping its circulation, enstrophy and momentum
constant. Note that the total energy of the flow is the sum of three parts: the energy
of the temporally coherent velocity, the energy of the temporally incoherent
velocity, and the energy of the cross-term between these two components. However,
if the macroscopic distribution of filaments remains uncorrelated with the vortices,
then the value of the cross-term remains constant. Prior to running our initial-value
simulations we do not know whether the two initial vortices will merge together.
However, if we had a priori knowledge that they did merge, then we could determine
in advance the velocity of the merged vortex flow without using our initial-value
code. This is because we know the values of the circulations, entrophies, and angular
momenta of the merged vortex flow (assuming no filaments leave or join the
incoherent component of the velocity), and we know that a merged vortex is steady.
This information is sufficient to compute the coherent component of the final flow.
As an analytic example, consider a plane-parallel, unbounded zonal flow with
constant shear ¢, and let the two initial vortices have uniform o with ellipticities
given by the Moore—Saffman relation in figure 6. Then the final vortex (if one forms)
is steady and has the same w and ellipticity as the initial vortices and twice their area.
By conservation of momentum, its location in the zonal flow is midway between the
locations of the two initial vortices. Thus, the final flow with the single vortex is
completely specified. Our numerical experiments with vortices of non-uniform w in
annular zonal flow with boundaries require a numerical calculation to compute the
final flow, but the point is that it is uniquely determined by the conservation of the
circulations, enstrophies, and angular momenta, but not energy. The energy of the
coherent component of the final flow will in general not be equal to that of the initial
flow. Therefore, the coherent and incoherent components must exchange energy for
there to be mergers. Because we found empirically that the energy of the coherent
component of the velocity decreases, our proposed test for vortex merger is this:
calculate the energy of the coherent component of the velocity of the initial two-
vortex flow and compare it with that of the one-vortex flow with the same
circulations, enstrophies, and momenta; vortices merge if and only if the latter
energy is smaller. This test agrees with the results of our numerical experiments. We
can predict the value of Ar,, to within 5%, where the uncertainty is due to our
uncertainty in dividing the final flow into coherent and incoherent components
(which depends on the timescale used in the averaging).

More importantly, we can determine semianalytically how Ar,, depends
qualitatively on ¢, w, and the sizes of the initial vortices. To do this, note that the
coherent component of the energy is itself a sum of two parts — the self-energy and
the interaction energy. To determine how the interaction energy of the flow changes
during a merger let us first consider the analytically tractable case of the merger of
two identical Moore-Saffman vortices, each with ellipticity €, area A, potential
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vorticity w,, and minor radius R, superposed on a zonal flow with constant shear ¢.
From (2.20), the change in the interaction energy after merger is

A%Gw, [ Ar\? Ao Ar\?
int _ elf=—/) —1|=—T—2T¢°¢ ="} —-1], 5.6
oL 4me [(Rm) } dn(l+6/w)f [(Rm) ] 56
where f is the slowly varying function of d/w,:
1 ¢ AR
7 =— 4— /14— . .
el )] e

We use the subscript ¢ to denote the coherent component of any quantity. Equation
(6.6) shows that for Ar < R, the one-vortex flow has less interaction energy than the
two-vortex flow when 6/w > 0, and it has greater when ¢/w < 0, and vice versa for
Ar > R,. When Ar =R, merger does not change the interaction energy. For
mergers in arbitrary, bounded, annular zonal flows, SE'" must be calculated
numerically, but it is qualitatively similar to equation (5.6). In particular, £
depends only on the sign of ¢/w, and not on the individual signs of ¢ and w,, and we
find numerically that éE*™ = 0 at a value of Ar approximately equal to the minor
radius of one of the initial vortices. For example, for the zonal flow in equation (3.1)

. 246
O = = ({0 P, = Cwe ), (5.8)
where A4 is the area of one of the initial vortices, {w,r®), is the average value of
w, 1

{w,r¥), = ‘% ch rirdrdeg, (5.9)

and the subscript ¢ is 1 and 2 for the one- and two-vortex flows, respectively. The
quantity ({w,r*>,—<{w,r®),) is negative when Ar = 0, increases monotonically with
Ar, and passes through zero when Arx~ R , so (5.8) and (5.6) are qualitatively
similar.

To determine how the self-energy of the coherent component of the velocity
changes during merger, we parameterize it in terms of the dimensionless function ¢
defined by

self — 2(1)% D
OB = yp In (Rm), (6.10)
where D is the distance between the two initial vortices. Generally, { cannot be
computed in closed form, but it is of order unity and depends only on the geometry
of the vortices; { is only a weak function of the zonal flow. When vortices merge, the
distribution of w, becomes compact, so generically §E3°! is always positive regardless
of the size of Ar or the signs of w, and &. (There are exceptions, for example when the
final vortex is close to a boundary.) Our test for merger predicts that if two vortices
approach each other, then they will merge if 0™ is sufficiently negative that it
overcomes the increase in SE5°!. We define Ar,, to be the value of impact parameter
at which §E™ 4+ 8E5° = 0. For Moore-Saffman vortices

A‘rcrt_ (% 2 :
Ao _[1 (&+1)§fln<R )] (5.11)

m m
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For Ar < Ar,,;, and 6/w > 0, the coherent component of the energy decreases in a
merger. Equation (5.11) shows that Ar_,,/RE,, is less than one and increases with the
value of ¢/w, and with the value of R,/D. We have found numerically that these
relationships are also true for mergers in annular geometries with the zonal flows in
(3.1) and (3.9).

5.4. Vortices with ¢/w < 0

Our assertion that vortex dynamics can often be predicted by assuming that the
coherent component of the energy decreases can be tested by examining vortices in
zonal flows with ¢/w < 0. Here, the fission of a vortex into two smaller vortices with
a small Ar generically decreases the coherent component of the energy. With ¢/w
< —0.5, our simulations show that an initial vortex stretches into a spiral and breaks
into smaller and smaller fragments as in figure 1. When the initial vortices are large
with R, 2 3R,y —Ri,), the o from the initial vortices ends up in one of three places:
deposited in a boundary layer at R;, (which contributes a 1/r ecomponent to
the coherent velocity), in a boundary layer at E_,, or in an approximately
macroscopically uniform distribution of filaments that fills the entire annulus (which
contributes a solid-body rotation component to the coherent velocity). Let the
amount of circulation that ends up in each of the three regions be designated as I3,
Iy, and I 0m, respectively. The values of each of the three circulations can be
predicted by using (i) the assumption that the energy of the coherent component of
the flow is minimized, (ii) the conservation of circulation I,, and (iii) the conservation
of the angular momentum L. (Note that because the initial vortices fragment into
pieces that become part of the incoherent component, the enstrophies of the coherent
component are not conserved). With the zonal flow of equation (3.1), the conservation
of circulation and momentum and the minimization of the coherent energy yield the
following :

AL R?
ln = RTt':ﬁ}—*% (5.12)
ou n
4L
1—1‘1nif01'm = ‘R2—-+.C‘R2—+217 (513)
out in
4L
i = Fm+1"e—Rg t_cR? , (5.14)
u in
5 _ RS
5(Rgu,—R?n)—4M‘lﬂ
where =2 Bou— By (5.15
77 - 45 R(Z)ut+an Rgut+Ri2n lnRout_ 1 | . )
th)ut _an ‘R(z)ut _an Rin

There is a physical additional constraint: I3, I}, and I 0. must all have the same
sign as the w of the original vortex. If either 7, or I, have the opposite sign as w,

(5.12) is replaced with

0 if |Io(RGw— R}, > 4IL
I—i'n = Lc
45 ~T

2 c
out _Rin

c (5.16)
if 'I::(Rgut_R?n)I < 4,[10,.

and I}, p0rm and I, are still given by (5.13) and (5.14). (Note that I ;;orm always has
the same sign as w for R ,,/R;, = 4.) The results of our numerical simulations agree
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with these predictions to within 15 %, although we note that when initial flows have
small vortices with B, < #5(B,,, —Ry,), the fragments are not uniformly mixed in the
zonal flow (they retain the memory of their initial radial location), and the final
values of I}, can deviate significantly from the predicted values.

Our test for vortex mergers was based on the assumption that the timescale for
merger is faster than the dissipative timescale. It also assumed that the timescales
for vortices to shed or absorb small filaments and for changes in the macroscopic
distribution of filaments are slow, so that the circulations, enstrophies, and angular
momenta of the coherent component of the flow are conserved during merger. Qur
test further assumed that the filaments irreversibly absorb energy from the coherent
component. Although it is intriguing how well the assumptions hold for mergers and
for predicting the strengths of boundary layers, they do not always hold, and the
general behaviour of vortices cannot always be predicted with them (see §6).

We conclude this section by emphasizing that there are qualitative differences
between the flows studied here and those without small-scale filaments (or some
other relaxation mechanism). In non-dissipative flows without filaments, there is in
general no steady one-vortex flow that has the same circulation, enstrophies,
momenta, and energy as an arbitrary initial flow that contains two vortices.
Therefore it is impossible for the two initial vortices to merge into a steady flow with
one vortex. The small filaments of w in our simulations allow the large coherent
vortices to reduce their energy so that the flow can make a transition from one steady
state to another. The role played by the filaments is not the same as viscosity. In
viscous flows the enstrophies and energy decrease monotonically, and the angular
momentum decreases or increases; whereas in flows with small-scale filaments of w
(that obey the assumptions of this section) only the energy of the coherent
component decreases while all of the other quantities remain constant. In weakly
dissipative flows (with no zonal components, no boundaries, and no distribution of
small filaments of w) Dritschel (1985) argued that a two-vortex flow evolves to a one-
vortex final state if the initial and final flows have the same momenta and cireulations
and if the change in energy between the initial and final states has the smallest value
of all possible final states. Using this argument he was able to explain why his
merging vortices always passed through a long-lived transient state with the same
approximate ellipticity. However, starting with the long-lived state, he was unable
to predict the direction of the flow evolution, i.e. whether the state evolves to a one-
or a two-vortex flow. Our simulations show that these arguments do not carry over
to flows with small-scale filaments of vorticity. Moreover in our simulations with
filaments of w, the assumption that the energy flows from the coherent to the
incoherent component always gives an unambiguous direction to the flow’s evolution,
and so always predicts the direction in which a transient evolves.

6. Discussion
6.1. Summary of numerical results

We have shown how large vortices merge, migrate, fragment, and stretch in a
shearing zonal flow in which there are also small-scale filaments of vorticity. The
zonal flow breaks the degeneracy of the clockwise and counterclockwise vortices by
allowing an exchange between the self-energy of the vortices and the interactions
energy of the zonal flow. The small-scale filaments of vorticity allow the large-scale
vortices to relax to equilibrium by absorbing their energy while conserving their
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circulations and angular momenta. The decomposition of the flow into a zonal
component with uniform potential vorticity and a remainder vorticity o is useful
because the zonal flow advects and stretches w, but w does not react back upon the
zonal flow. The statistically steady vortices in an annular shearing zonal flow that we
found numerically are similar to the Moore—Saffman vortices of piecewise-constant
» embedded in an unbounded, plane-parallel, zonal flow with uniform shear. We
showed that a vortex with 4 > ¢/w > 0 is robust, whereas a vortex with —0.2 <
& /w < 0is unstable to a finite-amplitude perturbation, and we numerically found that
the lengthscale of the finite-amplitude perturbation is approximately equal to the
distance between the boundary of the vortex and its last closed streamline. Initial
vortices with ¢/w < —0.2 are not in equilibrium nor is there a nearby equilibrium to
which they can evolve. Instead, they are pulled by the zonal flow into spirals and
their @ is pushed outward to the radial extremities of the zonal flow. If the w is
pushed into a region where the shear of the zonal flow changes sign, then the w rolls
up into a stable vortex. We have shown that stable vortices are advected with a
speed that is equal to the sum of the velocity of the surrounding zonal flow and the
velocity due to the neighbouring vortices and boundaries (as determined by the
Biot—Savart law). The breakup of a vortex layer demonstrates the exchange of
energy between the self-energy and the interaction energy. Unstable layers with
¢/w < 0 are shown (analytically) at early times and (numerically) at late times to
decrease their self-energy, which is consistent with the observation that these layers
break into successively smaller filaments. Unstable layers with ¢/w > 0 are shown to
increase their self-energy, which is consistent with the observation that these layers
form a single large vortex. When large vortices are created by the binding together
of smaller vortices, the w of the smaller fragments redistributes itself, and there are
two competing effects. One is that the w within each fragment diffuses so that the w
throughout the entire vortex evolves towards a mean value on a timescale that
increases with fragment size ; this was observed in the mergers in §5. The other effect
is that the fragments themselves move so that there is not a local minimum of || in
the vortex interior. The timescale of this effect decreases with fragment size ; this was
demonstrated in §4. In a series of experiments that began with two vortices
separated radially by a distance Ar we showed that there existed a critical value Ar,;,
above which vortices do not merge and below which they do. A theoretical value of
Ar,.;, was calculated by assuming that energy flows irreversibly from the two large
vortices to the small filaments of w. The theory was confirmed by the numerical
experiments to within 5 %.

6.2. Future work

A number of questions about the behaviour of vortices in the presence of zonal flows
with small-scale filaments of w have been raised by this study. For example, we have
demonstrated that there are at least two cases in which the filaments absorb energy
from the large scales, but this does not happen in all flows. In particular, in
laboratory flows (Sommeria et al.), the Jovian atmosphere, and in some of our
unpublished numerical experiments, vortices drift across zonal flows to locations
where the zonal shear has a local maximum. It is easily shown that these locations
correspond to local maxima of the coherent component of the energy which implies
that energy flows from the filaments to the large vortices. This effect needs to be
examined in detail. It suggests to us a model of vortex dynamics in which the large
vortices are in a thermal bath of filaments — if the filaments are ‘cool’, then energy
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flows from the large vortices to the filaments, and if they are ‘warm’, vice versa.
Currently, we are carrying out several numerical experiments to test these ideas and
in particular how vortices and filaments come to equilibrium. Another question
raised by this study is under what conditions the potential vorticity becomes
approximately uniform over large regions. In this paper we have shown that when
large vortices are created in a weakly diffusive flow by the mergers of small
fragments, their cores have nearly uniform w,. In the laboratory, Sommeria et al.
showed that large zonal flows with nearly uniform w, are created by external forcing.
However, a careful numerical study of flows with physically realistic forcing and
dissipation will be needed to understand better the homogenization of w,,.

Perhaps the best laboratories for studying the interactions of large vortices with
zonal flows are the atmospheres of Jupiter, Saturn, and Neptune. It was the
observations of long-lived Jovian vortices that initially motivated this paper. A brief
study of the dynamics of the Jovian Great Red Spot was reported earlier (Marcus
1988), and detailed comparisons between the Jovian velocities and numerical
simulations are quite good when the vertical structure of the atmosphere is taken
into account (i.e. using the quasi-geostrophic equations with a finite value of the
Rossby deformation radius in the definition of w, in equation (2.2) — see Marcus &
Van Buskirk 1990). We conclude this section by listing the properties of the Red Spot
that are shared by the vortices examined in this paper (and the vortices computed
with the quasi-geostrophic equation with finite Rossby deformation radius). the
Voyager satellite observations of the Red Spot show that it is a nearly two-
dimensional vortex embedded in a zonal flow with a shear approximately equal to
the vorticity of the Red Spot. The core of the Red Spot has nearly uniform potential
vorticity (Dowling & Ingersoll 1989 ; Marcus & Van Buskirk 1990) which is consistent
with a picture that it is slightly diffusive and was created by the merger of many
small vortices. The Red Spot has the same sense of rotation as the local zonal shear,
which is consistent with our numerical results that show that vortices with
0 < ¢/w = O(1) are robust. In fact, there are no observations of long-lived Jovian
vortices with ¢/w < 0. The elliptical shape of the Red Spot is consistent with the
shape of a vortex with uniform potential vorticity embedded in a zonal flow with
¢/w, = O(1). The Red Spot and the other long-lived Jovian vortices move around the
planet at a speed equal to the velocity of the local zonal flow (to within the
observational uncertainties). The Red Spot continually merges with and swallows
nearby vortices of like sign but, similar to the vortices discussed at the end of §5.2,
its growth is checked by the fact that it not only completely fills the local band of
zonal flow where 6 /w > 0 but also spills over into the neighbouring region of zonal
flow where ¢/w < 0.

I thank Harry Swinney and Joel Sommeria for discussions and Nicholas Socci for
computer graphics. This work was sponsored by National Science Foundation grants
ARST-85-15212 and CTS-89-06343 and the Lawrence Livermore National Laboratory.
Computations were done at the National Center for Atmospheric Research and the
Center for High Performance Computing at the University of Texas.
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Appendix. Vortex layer stability
A.l. Eigenmodes

The flow consisting of the zonal velocity 4, superposed on a vortex layer with
piecewise-constant vorticity equal to w in the strip B, < r < R, and vorticity equal
to zero outside the strip has linear eigenmodes of the form e!™® ) where

_ (4B w B\ ol [[ (1= (<o) P )
C_( 2R, " 2F, )i%{["‘( 2 )(T)—l] -7 } (A1)

where m is a positive integer, and where y and {d) are defined in §4. The mth mode
is linearly unstable if and only if

1 1—y?\ (<6 1
;ﬂl—ym)<<—§ZJ(§%;£Q<ﬁﬁu+ym) (A2)

Clearly the flow is stable to all modes if {(¢)/w < — 1. The fastest growing eigenmode
is given by (4.5).

In the limit of a thin vortex layer, or y - 1, the annular vortex layer has the same
stability properties as a planar vortex layer with vorticity equal to w for ¥, <y <
¥, and vorticity zero outside this strip. The eigenmodes of the planar vortex layer are
of the form e'**~9/(¥:-¥) and the planar vortex layer is unstable if and only if

Do

2
—4—€%<0 (A 3)
1]

for some positive wavenumber . For the planar vortex layer in (A 3) we have defined
() = [5,(F) —3,(X))/(F— 1)) (A4)

For thin layers, i.e. (¥,—¥,)->0, (&) approaches the value of ¢ at the layer. In the
thin-layer limit, (A 2) and (A 3) are the same if one identifies the planar wavenumber
a with m(1 —7?) and uses the fact that in the thin limit, ™ approaches e 2*. The
stability limits and fastest growing eigenmode as a function of a and ({¢) +w)/w
are shown in figure 9. The unstable linear eigenmode changes the location of the
edges of the vortex layer from ¥, to ¥, +6, 6@ /@) and from Y, to
Y, +0,el*@-d/tF-7)_ For unstable eigenmodes

ﬁ=_e«{i‘”[e—w-(a@i“_’-1)2]§+a<&>+‘“_1}. (A5)
5, w ©

o]

Equation (A 5) shows that |8,/3,] = 1, so the perturbation’s amplitudes at the two
edges of the layer are equal regardless of the value of 4,(y). The perturbations of the
annular vortex layer do not have equal amplitudes at the two edges except in the
limit y > 1.

The stability analysis of a piecewise-constant vortex layer in a zonal flow is a
special case of the analysis of a zonal flow superposed on a vortex with w = w, for
r < R,, with v = w, for B, < r < R, and w = 0 for r > R,. This vortex (referred to in
§4) is unstable if and only if

1—~2 7 — Wy 1 : m 1
e A
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for some positive integer m where {&) is defined by (4.6). A vortex with w,/w, < 1
and ({¢)+w,—w,)/w, >0 is, in general, unstable. In particular, the vortex is
unstable to the eigenmode with wavenumber

™ =( “2(0_@)<<&>+wc32—w1)(1—272>' d

Though the m defined by (A 7) is positive for the constraints mentioned above, it
may not be an integer and therefore physically allowable. Generally, the integers
closest to this m make the left-hand side of (A 6) negative and the vortex unstable.
However, for some very small values of ¥, the left-hand side of (A 6) is positive for
all positive integers m, and the vortex is linearly stable.

A.2. Stabilization of vortex layers with {¢)/w < —1

The above analysis shows that an annular or planar vortex layer is linearly stable if
{¢>/w < —1, and it is worthwhile to show both mathematically and physically how
a zonal flow with {&) opposite in sign to and greater in magnitude than w stabilizes
the layer. Fjortoft’s theorem and the inflection theorem can be used to determine
linear stability. The inflection theorem is: In an annular geometry with arbitrary A(r)
and 44(r), a necessary condition for linear instability (in the form of discrete spectrum
eigenmodes) of an axisymmetric azimuthal flow uy(r) = §,(r) +v4(r) is that © has an
extremum somewhere in the flow’s interior not including the radial boundaries.
Fjortofts’s theorem is: If the extremum occurs at r,, then to be unstable there must
be at least one point in the flow where [u,(r)/r —uy(r)/7e]0w/0r < 0. (NB Rayleigh’s
test for centrifugal instability — linear instability is equivalent to the radial decrease
of the absolute value of the angular momentum per unit mass — is not valid for two-
dimensional flows.) To see mathematically how a zonal flow with ¢/w < —1 stabilizes
a vortex layer, consider an axisymmetric vortex layer in which w is continuous,
differentiable, positive, and has a single maximum at 7, such that B,, < r, < R_,. In
addition let vy(R;,) > 0. If 6, = 0, then the flow could be either stable or unstable
depending upon the exact form of w(r). However, if 4, # 0, we claim that a sufficient
condition for linear stability is that

a(r)fo(r) < —1 (A 8)

for all R, < r < R,,,. To prove this statement, we need to show that

d
[g0)/r —ug(re)/r) 52 > O

for all ». By assumption there is a single maximum in v, so dw/dr > 0 for r < r,, and
dw/0r <0 for r > r,. Therefore a sufficient condition for linear stability is that
O(uy/r)/0r < 0 for all », or equivalently & +w—2v,/r < 0, or equivalently

G/ <—1+42v4/wr (A9)
for all . However
R, 1

so if vy(R;) 2 0, then vy(r) > 0 for all . Therefore condition (A 8) sufficiently satisfies
(A 9). Clearly, the stability condition of (A 8) applies also to vortex layers with
w < 0 and with a single minimum in w.
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To obtain a more physical understanding of how the zonal flow stabilizes a vortex
layer, we note that in the thin-layer limit an annular vortex layer has the same
stability properties as a thin planar vortex layer, which in turn has the same
properties as a planar vortex sheet. The vortex sheet in turn has the same stability
properties of a row of discrete vortices. Therefore we shall demonstrate the physical
mechanism by which a shearing zonal flow stabilizes a vortex layer by examining
how it affects a row of vortices. However, we must first relate the stability of a vortex
sheet to a vortex layer. Consider a vortex sheet with a jump in the velocity across
the sheet equal to Av. Define (&) to be the shear of the zonal flow at the location of
the sheet, and let {w) = —iaAv, where « is the wavenumber of the perturbation of
the sheet. Although the vorticity of the sheet is singular {w) is well-defined, has the
same dimensional units, and plays a role in the linear dynamics of a vortex sheet that
is analogous to the role w plays in the vortex layer. In particular, it is trivial to
show that the sheet is stable to linear perturbations with wavenumber a when
{d)/{w) < —1. Now model the vortex sheet with a row of discrete potential vortices
(Lamb 1932), each with circulation —AAv, and each equally spaced a distance A
apart as shown in figure 13(a). To see that this row of vortices has the same long-
wavelength (i.e. wavelength greater than A) instabilities as the vortex sheet, observe
that the coordinates of the jth vortex obey

dy,  AAv T, — T,
== , A 10
dt 2n mz*j (wj_xm)2+ (yj—"ym)z ( )
dz Av  AAvw —y
== R 91— Ym . A 1l)
di Yi ) E] xj )2+(yj_ym)2 (
Equations (A 10) and (A 11) have linear eigenmodes
Y, = el*A=e, (A 12)
(¢ >) ta e
% 1+-—=] elatir—ct) A 13
-1+ A1)

where (&) is the shear of the zonal flow at the row of vortices, and now {e) is defined
as

{w) =——Az—va(1—§g> (A 14)

(with the restriction that 2n/A > & > 0), and where jA acts like the z-coordinate in
the vortex sheet. The eigenvalues are (NB the signs in (A 13))

¢ =6,+é2— i5 (1 2";) (1—%%) (A 15)

where 9, is the zonal velocity at the row of vortices. In the limit that 1/« is much
greater than A, the definitions of {w), the dispersion relations, and the conditions for
linear stability are the same for the row of discrete potential vortices and the vortex
sheet. We therefore argue that the dynamics of a row of discrete vortices, a vortex
sheet, and a vortex layer are all controlled by the same physics. To understand this
physics consider the rows of potential vortices in figure 13. Let the potential vortices
all have the same strength and sign (in this case positive), so Av < 0. Figure 13 is in
the frame of reference of an observer moving with velocity 9, +3Av. Now perturb
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Fraure 13. Sketch showing the instabilities of a row of vortices separated from each other by a
distance A (a). The third vortex is displaced upward a distance ¢ (b). If & is zero or has the same
sign as the vortices in the sheet, vortex 3 is advected to the left, and its nearest neighbour, vortex
2, will push it upward further away from the original location of the vortex sheet. The flow is
unstable (c). If ¢ is opposite in sign to and greater in magnitude than the vortices in the sheet,
vortex 3 is pushed to the right. Vortex 4 becomes the nearest neighbour and pushes vortex 3
downward back into the sheet. The flow is stable (d).

vortex number 3 upward a distance J. If this vortex is forced downwards back into
the sheet the flow is stable, and if it is advected further upward it is unstable. Vortex
3 is always advected to the left by the other vortices in the sheet. 1t is advected either
to the left or the right by # depending on the sign of (¢). Vortex 3 is not advected
initially in the y-direction. If vortex 3 were advected to the left it would interact
most strongly with vortex 2 which pushes it upward away from the sheet (figure 13¢).
Therefore advection to the left is equivalent to unstable flow. If vortex 3 were
advected to the right, then vortex 4 would push it downward back into the sheet the
flow would be stable. If (&) is positive, then both the advection due to the row of
vortices and due to & push vortex 3 to the left, and the flow is unstable (figure 13¢).
If (&) at the sheet is negative, then # pushes vortex 3 to the right with velocity
[{@"{ 8 (to first order in §). The velocity exerted on vortex 3 due to the row is well-
approximated by the velocity due to just the two nearest neighbours, vortices
numbers 2 and 4. To first order in J, this velocity is to the left and has magnitude
|0Av/mA|. Therefore if

@ ___ 2
{w) mad(l—al/27)

then vortex 3 moves to the right, and the flow is stable. The stability condition given
by (A 16) only approximates the stability condition given by (A 8) because we have
limited our analysis to nearest neighbours. However, the key point of our physical
analysis is that instability (or stability) is equivalent to vortex 3 being advected to the left

(A 16)
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(or right). This point is not a consequence of the fact that we used only the influence
of the nearest neighbours in determining the motion of vortex 3; indeed, it is verified
by the analysis of the linear perturbations of the infinite row of potential vortices:
At time ¢ = 0%, let all of the vortices in the row be perturbed from their equilibrium
positions by a linear eigenmode, and choose its phase and amplitude such that vortex
3 is displaced upward a distance é but is not displaced to the left or right. Then if
() /{w) € —1, so that the flow is stable, the position of vortex 3 at later times is
(when viewed in a frame moving with velocity ¥, +1Av)

2y(t) = |a|( 1—%)1 sin [a|Av|(1—;—")( é"i) 1t]+x3(0), (A 17)

ys(t) = w|cos[a|m;|( ‘;"‘)( 1—%) ]+y3(0) (A 18)

If {7)/{w) > —1, so that the row is unstable, then

x3(t)=—|6|(1+§——§-) sinh[alAvl(l——%)( 2";) ]+x3(0) (A 19)

ya(t)=|8|cosh[a|Av|(1 21:)( 2";) 1t]+y3(0). (A 20)

These eigenmode solutions show that in a stable row of vortices, vortex 3 is advected
initially to the right, and in an unstable row initially to the left. This verifies the key
point of the nearest-neighbour analysis, and it shows that for 4, to stabilize a vortex
layer it must overcome the circulation of the vortex layer and advect the
perturbations of the sheet or layer in the direction opposite to the circulation.
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