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A model for eastward and westward jets in laboratory experiments
and planetary atmospheres
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Flows in a rotating annular tank@J. Sommeria, S. D. Meyers, and H. L. Swinney,Nonlinear Topics
in Ocean Physics, edited by A. Osborne~North Holland, Amsterdam, 1991!; Nature~London! 337,
58 ~1989!; T. H. Solomon, W. J. Holloway, and H. L. Swinney, Phys. Fluids A5, 1971~1993!; J.
Sommeria, S. D. Meyers, and H. L. Swinney, Nature~London! 331, 689 ~1989!# with a sloping
bottom ~that simulates a barotropic atmosphere’s Coriolis force with a topographicb-effect @J.
Pedlosky,Geophysical Fluid Dynamics, 2nd ed.~Springer, Berlin, 1986!#! produce eastward and
westward jets, i.e., azimuthal flows moving in the same or opposite direction as the annulus’
rotation. Flows are forced by pumping fluid in and out of two concentric slits in the bottom
boundary, and the direction of the jets depends on the direction of the pumping. The eastward and
westward jets differ, with the former narrow, strong, and wavy. The jets of Jupiter and Saturn have
the same east–west asymmetry@P. S. Marcus, Ann. Rev. Astron. Astro.431, 523 ~1993!#.
Numerical simulations show that the azimuthally-averaged flow differs substantially from the
non-averaged flow which has sharp gradients in the potential vorticityq. They also show that the
maxima of the eastward jets and Rossby waves are located where the gradients ofq are large, and
the maxima of the westward jets and vortex chains are located where they are weak. As the forcing
is increased the drift velocities of the two chains of vortices of the eastward jet lock together;
whereas the two chains of the westward jet do not. Inspired by a previously published,@P. S.
Marcus, Ann. Rev. Astron. Astro.431, 523 ~1993!# piece-wise constant-q model of the Jovian jets
and based on numerical simulations, a new model of the experimental flow that is characterized by
regions of undisturbed flow and bands of nearly uniformq separated by sharp gradients is presented.
It explains the asymmetry of the laboratory jets and quantitatively describes all of the wave and
vortex behavior in the experiments including the locking of the vortex chains of the eastward jet.
The simulations and new model contradict the predictions of a competing, older model of the
laboratory flow that is based on a Bickley jet; this raises concerns about previous calculations of
Lagrangian mixing in the laboratory experiments that used the Bickley model for the fluid velocity.
The new model, simulations and laboratory experiments all show that jets can be formed by the
mixing and homogenization ofq. The relevance of this to the jets of Jupiter is discussed. ©1998
American Institute of Physics.@S1070-6631~98!01405-6#
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I. INTRODUCTION

In laboratory flows in rotating annuli that were design
to simulate an atmosphere, eastward jets of fluid diffe
strikingly from westward jets.1–4 Here, eastward~westward!
is defined as moving in the same~opposite! direction as the
annulus’ rotation.7 The bottom boundary of the annulus w
radially sloping with two concentric slits. The flow wa
forced by pumping fluid in one slit and withdrawing it from
the other. A jet formed between the slits and its direct
depended on the direction of the pumping. As the forc
increased, the jet’s two sides became wavy and each
spawned a chain of vortices. From a geophysical perspec
the most significant asymmetry between the jets was
eastward jets were narrower, stronger, and more wavy;
same asymmetry occurs in planetary atmospheres, c.f.

a!Present address: Dept. of Mechanical Engineering, University of Seou
Jeonnong-dong, Dongdaemun-gu, Seoul, 130-743, Korea.
1471070-6631/98/10(6)/1474/16/$15.00
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nearly axisymmetric Jovian east–west winds where their
rection alternates with latitude6,8,9 ~fig. 1!, and Saturn’s
winds10 including its north polar jet.11 A similar asymmetry
in the earth’s atmosphere5 is that strong jets are always eas
ward and wavy, c.f., the winter, polar, stratospheric jets a
the mid-latitude, upper tropospheric jet streams.~The earth’s
westward, return circulations are so broad and weak that t
are not identified as jets.! Although east–west atmospher
asymmetries have been numerically simulated,6,8 their expla-
nation remains controversial. In the laboratory the most
vious asymmetry of the jets is the dynamics of their vort
chains. As the flow’s forcing is increased, the drift speeds
the two chains of the eastward jet lock together; whereas
speeds of the two chains of the westward jet, though clo
to each other than those of the eastward jet, remain differ

Our primary goal is to explain the laboratory experime
and our secondary goal is to determine what relevance
any, its physics has to the geophysical flows that origina
motivated the experiments. To do this, we first numerica
0
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simulate the flows to obtain information not readily availab
from experiments, c.f. instantaneous flow velocitiesU and
potential vorticitiesq. ~One point of this paper is that ave
aged values ofU andq are misleading.! With this insight we
construct a model that quantitatively reproduces the exp
ments. Most of this paper is devoted to validating our mo
and comparing it to a competing model based on a Bick
jet.2,3,12Determining which model is correct is important fo
several reasons. These laboratory flows have been use
examples of the Hamiltonian dynamics of passive Lagra
ian tracers.12 When seeded with tracers, the flows show
gions of complete mixing as well as barriers through wh
the mixing cannot penetrate. Current theoretical analyse
the mixing in the experiment are based on model flows ra
than the laboratory or numerically simulated velocities. T
experiments, simulations, and our model all have sharp
dients inq, which are known to act as barriers to mixin
whereas the competing models, including the Bickley
have smoothq. For this reason and because the Bickley
and other models fail to capture the vortex dynamics in
experiments, questions arise about the validity of the mix
analyses.

Our second goal is to relate the experiments and
model to planetary atmospheres. Although there are m
important differences between these laboratory experim
and atmospheres, not the least of which is the forcing, th
are fundamental issues such as vortex dynamics and mi
which the experiments address. The key idea of our mod
that mixing ‘‘homogenizes’’ theq into azimuthal bands with
piece-wise constantq that are separated by sharp gradients13

As the forcing increases, the bands grow and merge and
model flow changes. Little work has been done previou
on how ~or if! q is homogenized or how east–west jets a
created and maintained in forced/dissipated systems~i.e., not
run-down experiments that have no forcing!. The laboratory

FIG. 1. Jovian east–west velocityu as a function of latitudey. The circles
are the measurements9 and the solid curve is a theoretical fit.6 The velocity
is not QG near the equator, so there is no QG fit.
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experiments simulated here address both issues. Curio
the first step in constructing our model for the laborato
flow came from jovian observations.~Because it is impos-
sible to measureq directly in the jovian atmosphere—an
difficult in laboratory flows—we usedindirect methods
based on the properties of the planetary vortices to find thq
of the jets—see section VII.! We developed a piece-wis
constant-q model for the jovian jets, which in terms of th
more general model presented here corresponds to the
with large forcing~fig. 2!. The model was inferred only from
observations rather than from any consideration of dynam
or homogenization ofq. It was our curiosity of how and why
the empirically-derived model might form that led to o
interest in these laboratory experiments and that provided
impetus for the dynamic model presented here. Thus,
goal of this paper is to show that the laboratory experime
and the simulations prove that east–west jets can be cre
by the homogenization ofq and thereby show that our je
model for Jupiter is plausible.

The outline of the paper is as follows. In section II w
summarize the laboratory experiments. In section III
present the quasi-geostrophic~QG! equations that govern
both the laboratory experiment and planetary atmosphe

FIG. 2. ~a! Model u(y) as a function of latitudey for the jovian east–west
velocity inferred from vortex dynamics.6 Eastward~westward! jets haveu
.0 (u,0). Theu is piecewise parabolic.~b! theq(y)[by2du/dy for ~a!.
This u andq also model the flow in an experiment with multiple slits in th
bottom boundary~see section VII!. Near each slit a region with uniformq
grows in size until it runs into its neighbor. This creates a step function iq
with step widthl and step heightDq̄5b l . As in the model in figs. 8 and 9
q5by when there is no pumping. In the model, eastward jets are alw
located at the maxima ofu¹qu and the westward jets at the minima.
e or copyright; see http://pof.aip.org/about/rights_and_permissions



lu
in
ns

G
ar
ur
o

xi-

d
a

ric

r

f
en
ns
om
o

e
d
a

w

d
s

t

e

a

th

tly
in
t’

are
g
ity

e-

he
ease
g

the
al-

a

1476 Phys. Fluids, Vol. 10, No. 6, June 1998 P. S. Marcus and C. Lee

Down
Piecewise analytic approximations to and numerical so
tions of the primary flows are presented. Section IV conta
our model of the east–west winds and its measurable co
quences~wave speeds, vortex locations, etc.!. In section V
we compare our model with numerical solutions of the Q
equations and with the laboratory experiments. A comp
son with the Bickley jet model is given in section VI and o
conclusions along with their relevance to planetary atm
spheres is in section VII. Validation of our physical appro
mations appear in the Appendix.

II. SUMMARY OF LABORATORY EXPERIMENTS AND
NUMERICAL SIMULATIONS

The laboratory experiment3 used a constant-density flui
in a wide-gap annulus where the top, bottom, and sides
rotated at the same fast angular velocityf /2. Flows were
forced by pumping fluid through axisymmetric, concent
slits ~see the Appendix! of thicknessLslit at radii R1

slit and
R2

slit in the bottom boundary whereR1
slit,R2

slit . The bottom
of the annulus had slopes so that the depth at the oute
radius Rout was greater than at the inner radiusRin . This
produced a topographicb-effect5 to model the gradient o
the atmosphere’s Coriolis force. The laboratory experim
was designed to be an analog of a one-layer, constant de
atmosphere in which the pumping through the bott
boundary simulated the convective overshoot of plumes fr
an underlying unstable layer.

The laboratory experiments and our subsequent num
cal calculations14 ~carried out with the same geometry an
other flow parameters15! are in good agreement and summ
rized as follows: For low pumping ratesP, a vortex layer
forms above each slit which in turn creates the primary flo
an axisymmetric, azimuthal jet atR1

slit<r<R2
slit . When fluid

is pumpedinto the tank atR2
slit and removed atR1

slit , the jet
travels in the same direction as the rotating tank and is
fined to beeastward. When the direction of the pumping i
reversed, the jet iswestward. For P>Pcrit , the approximate
discontinuity in the velocityU at the inner edge of the je
creates unstable, non-axisymmetric~Kelvin–Helmholtz-like
and Rossby wave! eigenmodes, and the vortex layer atR1

slit

becomes wavy. AsP is increased, nonlinearities roll up th
vortex layer creating a vortex chain atR1

slit ~fig. 3a!. For
slightly greaterP, instabilities of the outer layer create
second vortex chain atR2

slit ~fig. 3b!. Our numerical calcula-
tions show that the two chains travel azimuthally around
annulus with different speedsc1 and c2, and the flows are
temporally quasi-periodic with form

U5 (
j 52`

`

(
n52`

`

aj ,n~r !exp$@ i jm1~f2c1t !#

1@ inm2~f2c2t !#%. ~1!

The subscripti refers to quantities associated withRi
slit ,

wherei 51,2.
The westward jet has a smallerPcrit than the eastward

jet, and the nonlinear evolutions of the two jets differ grea
As P is increased, the westward jet’s two vortex cha
move closer together in radius, while the eastward je
loaded 12 Jul 2011 to 169.229.32.136. Redistribution subject to AIP licens
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chains move apart. AtP/Pcrit.1.5 the westward jet’s two
vortex chains overlap radially. Theci of the chains of the
eastward jets are positive while those of the westward
negative.~Values of ci are in the annular tank’s rotatin
frame. Without loss of generality, the tank’s angular veloc
is positive.! For the eastward jet, asP is increased above
Plock the two vortex chains lock together, soc15c2, and the
numerical calculations show that the flow is temporally p
riodic ~or steady to a viewer rotating with speedc1). See fig.
4. The locking of the eastward jets is easy to identify in t
laboratory because it is accompanied by an abrupt decr
in ci of ;50%. Our numerical calculations show the lockin
is robust; it occurs over a wide range inP and other param-
eters ~such as the widths of the slits in the bottom!. The
laboratory experiments were unable to determine whether
westward jets’ two vortex chains locked. Our numerical c
culations show that the westward chains lock only for

FIG. 3. Numerically computed potential vorticityq ~using a grey scale with
q.0 dark andq,0 light! of the unlocked eastward~counter-clockwise!
flows with ~a! P550 and~b! P580 cm3 s21. The jet is betweenR1

slit and
R2

slit which are coincident with the light and dark rings ofq. The vortices at
R1

slit havev.0 and those atR2
slit havev,0. The parameters15 are R1

slit

518.9,n50.1, f 54p ~All units CGS!.
e or copyright; see http://pof.aip.org/about/rights_and_permissions
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small range ofP and only when the widths of the slits in th
bottom are carefully tuned. When westward jets’ chains lo
in the numerical calculations, theci do not change and th
numbers of vortices in the two chains are very different. S
fig. 5. In contrast, the numbers of vortices in the lock

FIG. 4. Stream functionc of the numerically computed15 locked eastward
jet with P544 viewed in the rotating frame where the flow is steady. S
Table II. R1

slit527.0,n50.033, andf 56p. Because the flow is steady th
contours of constantq and c are nearly the same. There is only one a
proximate discontinuity inq, and the Rossby wave located there makes
wavy. The two vortex chains are in regions where¹q.0 and are separated
from each other by the approximate discontinuity ofq. The signs of the
vortices are the same as that of the local shear of the jet. Thus, all o
vortices in the inner chain havev.0, while those in the outer havev,0.

FIG. 5. Same control parameters as in fig. 4 but for the locked westward
See Table III. There are 8 small, negative vortices in the inner chain a
large, positive vortices in the outer chain. Thus, the signs of the vortices
the same as that of the local shear of the jet. BecauseP.Pwest

link 521.4, the
two regions of uniformq are joined together and the numerically comput
flow looks like the model flow in fig. 9f. Because the flow is steady in t
frame, the contours of constantq andc are nearly the same, and the stron
gradients inc coincide with the two approximate discontinuities inq. The
two weak Rossby waves are centered near the maxima ofu¹qu; while the
vortices are near the minimum ofu¹qu.
loaded 12 Jul 2011 to 169.229.32.136. Redistribution subject to AIP licens
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eastward jets’ two chains are nearly the same, and they n
overlap radially. See fig. 4. Thus, the locking of chains
qualitatively different for eastward and westward jets. F
P.2Pcrit , the eastward and westward jets differ great
The numerical calculations show that the time-averaged
tential vorticity q of the westward jet is nearly uniform, an
the jet nearly fills the annulus. Embedded within it are a f
large, robust vortices with vorticity of the same sign as t
shear of the ambient jet. AsP is increased further, the vor
tices merge leaving a single vortex.~The laboratory
experiment4 of the westward jet and vortex at largeP were a
test of theoretical and numerical predictions of Jupite
Great Red Spot.16! In contrast, the eastward flow at largeP
evolves into a strong, narrow, wavy jet with a radial locati
approximately midway between the two slits. The large a
plitude Rossby wave on the jet causes its radial location
meander in azimuthal anglef. This flow has been used t
model the Antarctic stratospheric polar vortex.1

Although there is a strong asymmetry between the e
ward and westward jets, it should be noted that in the Q
limit ~see section III!, axisymmetriceastward and westwar
flows with the sameP are mirror images, and their velocitie
uUu are independent ofs. So there is no east–west asymm
try for axisymmetric flows~though their non-axisymmetric
eigenmodes and eigenvalues are east–west asymme!.
With s50—even when the flows are non-axisymmetric a
non-linear—the eastward and westward jets and their vo
chains are mirror images of each other. It is the non-zers
~or b in the atmosphere! coupled with the loss of axisym
metry that breaks the east–west symmetry.

III. EQUATIONS AND THE PRIMARY FLOW

Rather than solve the three-dimensional Navier–Sto
equation with boundary conditions for the inflow and ou
flow slits in the bottom of the annular tank, we use the fi
integral of the two-dimensional, quasi-geostrophic~QG!
equation along with an Ekman boundary layer~or equiva-
lently with Rayleigh friction!:

DU/Dt52¹P/r1brU3 ẑ1n¹2U2U/t1F, ~2!

whereU(r ,f,t) is the velocity,D/Dt[(]/]t1U•¹) is the
advective derivative,r is the constant density of the fluid,P
is the pressure head that forces¹•U[0, ẑ is a unit vector,n
is the kinematic viscosity,b[s f/H, H is the mean depth o
the tank,f is the Coriolis parameter equal to twice the ang
lar velocity of the tank, andt[H/A2nu f u is the Ekman spin-
down time ~or Rayleigh damping time!. The flow is 2-
dimensional, such thatẑ•U[0 and]U/]z[0. The forcingF
of the quasi-geostrophic component of the flow due to pum
ing the fluid through the slits in the bottom boundary a
creating a weak ageostrophic flow is17

F~r !52F f

rH E
Rin

r

w~r 8!r 8dr8G f̂, ~3!

where w(r ) is the vertical velocity of the fluid entering
through the slit andf̂ is a unit vector. Conservation of mas
requires*R

Routw(r 8)r 8dr850. The value of w(r ) is zero ex-

e

t

he

t.
4
re
in

e or copyright; see http://pof.aip.org/about/rights_and_permissions



r

o
o

w

ts

e

er

la
lu

on

e

sen

s
ess
y

1478 Phys. Fluids, Vol. 10, No. 6, June 1998 P. S. Marcus and C. Lee

Down
cept at the slits, and the total pumping rateP is defined as
P[p*Rin

Routuw(r 8)ur 8dr8. The boundary condition for Eq.~2!

is thatU50 atRin andRout . The curl of~2! gives the equa-
tion for the potential vorticityq[(v1br ) wherev[ ẑ•¹
3U:

Dq/Dt52v/t1n¹2v2 f w~r !/H. ~4!

For these QG equations to be valid, the Rossby numbee
[V/ f L!1, 1/(f T)<e, bL/ f <e, and w/H f <e2, whereV,
T, andL are the characteristic velocity, time and length
the flow.5 The QG approximation is supported by the lab
ratory experiments which show that]U/]z.0. Whens50
equation~2! has a symmetry: The flow is invariant under
→2w, u(r ,f)→2u(r ,2f,t) and v(r ,f)→v(r ,2f)
~whereu[f̂•U andv[ r̂•U), so eastward and westward je
are mirror images of each other. A finites ~or b) breaks the
symmetry.

There is a steady, axisymmetric, primary flow for allP
with v50 and

u~r !52
f t

rH E
Rin

r

r 8w~r 8!dr81tn~¹221/r 2!u ~5!

and

v~r !52 f tw~r !/H1tn¹2v. ~6!

In the limit of approximating the slits as delta functions, w
obtain

w~r !56
P

2p
@d~r 2R1

slit!/R1
slit2d~r 2R2

slit!/R2
slit#. ~7!

Assuming the dissipation due ton ~but not due tot) is
negligible and using equation~7! gives the model for the
primary flow:

v̄~r !57
f tP

2pH
@d~r 2R1

slit!/R1
slit2d~r 2R2

slit!/R2
slit#

~8!

ū~r !55
0 for r ,R1

slit ,

7
f Pt

2prH
for R1

slit<r<R2
slit ,

0 for r .R2
slit .

~9!

An overbar denotes the model, rather than exact or num
cal solution. The upper signs in equations~7!–~9! are for
w(R1

slit).0, ie, for westward jets. The primaryrū(r ) is a
top-hat. Figure 6 shows a comparison betweenū(r ) and the
numerical solution of equation~5!.

For simplicity, we use a Cartesian rather than annu
geometry in modeling the flows in the laboratory annu
and in the numerical calculations. In Cartesian geometry,r in
equation~2! is replaced with (2y) and rf with x. We also
replaceRi

slit with Yi
slit , Rin with Yin , andRout with Yout .

With Cartesian coordinates,u[ x̂•U andv[ ŷ•U. Subscripts
‘‘1’’ and ‘‘2’’ are switched so thatYin,Y1

slit,Y2
slit,Yout .

In Cartesian geometry equation~3! is replaced with
loaded 12 Jul 2011 to 169.229.32.136. Redistribution subject to AIP licens
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F~y!5
f

HE
Yin

y

w~y8!dy8x̂. ~10!

In Cartesian geometry the model primary flow in equati
~9! becomes

ū~y!5H 0 for y,Y1
slit ,

6V0 for Y1
slit<y<Y2

slit ,

0 for y.Y2
slit

~11!

with

v̄~y!56V0@d~y2Y2
slit!2d~y2Y1

slit!#, ~12!

where

V0[ f tP /H, ~13!

P is the absolute value of the volume of fluid per unit tim
per unit length inx pumped through a slit andq[v1by.
The upper sign in equations~11! and ~12! is for eastward
jets. For the Cartesian model, the coordinate origin is cho
to be midway between the two slits, soY1

slit[2Y2
slit . Thus,

the primary flow ū(y) is symmetric iny while v̄(y) and
q̄(y) are anti-symmetric. Equations~5! and ~11! show that
the primary flow is independent ofb and thatuuu is the same
for eastward and westward jets.

FIG. 6. The unstable, axisymmetric, primary flowu(r ) computed from
equation~5! with 257 radial Chebyshev collocation points~open circles!
compared with the modelū ~broken curve! in equation~9! at P547.7, n
50.1, f 54p andR1

slit518.9. At these parameter values,15 Pcrit544.0 for
the eastward flow. The vertical arrows near ther -axis represent the location
and directions of the pumping through the bottom slits. The finite thickn
of the bottom slit acts withn to broaden the sides of the top-hat function b
the slit thickness plus a fraction18 of the Stewartson layer thicknessAtn.
Here the velocity is plotted in units ofb(Rout2Rin)2.
e or copyright; see http://pof.aip.org/about/rights_and_permissions
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IV. FLOW MODEL

Figure 7 is the numerically calculated flow atP544
.2Pcrit . ~All units are CGS unless otherwise specified!
Theu does not look likeū in equation~9!, indicating vortex
chains are present and the flow can no longer be appr
mated as a perturbation of the primary flow. Here we pres
our model of the mean secondary flow. The model is ba
on our experiences with high Reynolds number, barotro
flows on ab-plane19,20 which show that:~1! regions where
flows are well mixed tend to have nearly uniform values
q; ~2! discontinuities or rapid changes inq form at the inter-
faces of these regions, but discontinuities inU are rare; and
~3! vortices embedded in turbulent flows are most rob
when the surrounding flow has nearly uniformq and always
have the same sign ofv as the shear of the local jet. In thes
cases the vortices have little interaction with the surround
flow, and becauseDq/Dt.0, compact potential vortices ad
vect with the local flow velocity. Incorporating these obse
vations, the model has~1! a continuousŪ and discontinuous
q̄(r ), ~2! Rossby waves that travel along discontinuities a
make them wavy, and~3! vortices embedded in region
where q̄ is uniform. We note that flow models with piece
wise constantq have been used previously. However, t
motivation has usually been that the model permits
flow’s dynamics to be computed analytically or with conto
dynamics.21,22 Here, our motivation is how the homogeniz

FIG. 7. ~a! u(r ,f5f j ,t) and ~b! q(r ,f5f j ,t) at fixed t for the numeri-
cally computed locked eastward jet in fig. 4. Each of the five curves is f
fixed f, f j[2 j p/5, j 51, . . . ,5. Vertical arrows near the axis are as in fi
6. ~c! and ~d! are the same as~a! and ~b! but for the westward jet in fig. 5.
The u is plotted in units ofb(Rout2Rin)2 and theq in b(Rout2Rin). The
locked eastward jet has one sharp gradient inq, and the linked westward je
has two with a flat region, indicating strongq mixing. Due ton and the
vortices, the asymmetry between the eastward~a! and westward~c! jets are
barely apparent. Contour plots ofq or c in the (r ,f) plane are much more
useful for displaying the asymmetry and for distinguishing the locked fr
the unlocked eastward jets~c.f., figs. 11 and 12!. Unfortunately contour
plots ofc andq are not readily available from laboratory or planetary da
loaded 12 Jul 2011 to 169.229.32.136. Redistribution subject to AIP licens
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tion of q progresses as the forcing is increased, and
model consists of both homogenized and undisturbed reg
of q.

The component of our model flow written with the ove
bar represents the mean flow~averaged inf or t) with v̄
50. Theq̄(y) andū(y) of the model are in figs. 8 and 9. I
figs. 8b, 8e, 9b, and 9e the primary flow has become unst
and the flow contains waves and vortices. The mixing oq
near the slits causes the delta functions in the primary flo
q̄ in figs. 8a and 9a to broaden which smoothes the disc
tinuities in ū(y). The model’s main feature and the reas
that eastward and westward jets differ is this: As the de
functions broaden into smooth peaks, the sides of the pe
that are closer toy50 have larger~smaller! jumps inq̄ than
the sides farther fromy50 for eastward~westward! jets.
Figures 8b and 9b accentuate this by representing the p
as flat-topped functions so thatq̄ is constant for (Y2

slit2a)
<uyu<(Y2

slit1b). For the eastward jet there are jumps inq̄

a

.

FIG. 8. Eastward jet model: a! q̄(y) for the primary flow, equations~11!–
~12!; b! q̄(y) at higherP for the unlocked jet, equations~16!–~17!; c! q̄(y)
at still higherP for the locked jet, equations~18!–~19!; d!, e!, and f! are the
ū(y) corresponding to a!, b!, and c!, respectively. Vertical arrows are as i
fig. 6.

FIG. 9. Westward jet model:~a! q̄(y) for the primary flow, equations~11!–
~12!; ~b! q̄(y) at higherP where the two regions of uniformq̄ are not linked
together, equations~20!–~21!; ~c! q̄(y) at still higher P where the two
regions of uniformq̄ are linked together, equations~22!–~24!; ~d!, ~e!, and
~f! are theū(y) corresponding to~a!, ~b!, and ~c!, respectively. Vertical
arrows near they-axis are as in fig. 8.
e or copyright; see http://pof.aip.org/about/rights_and_permissions
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of Dq̄5b(a1b) at y56(Y2
slit2a), and elsewhereq̄ is con-

tinuous. For the westward jetDq̄5b(a1b), but the jumps
are aty56(Y2

slit1b). Physically, this model corresponds
mixing with homogenization ofq for (Y2

slit2a)<uyu
<(Y2

slit1b). In all other regions there are no waves or vo
tices, soq̄(y) is unchanged from its values in figs. 8a and 9
The ū(y), a andb are determined by noting that the integr
of equation~2! ~in Cartesian coordinates! over allx andt and
over 2(Y2

slit1b1)<y<(Y2
slit1b1) ~whereb1 is the limit

of y approachingb from the positive direction! requires:

E
2~Y2

slit
1b1!

Y2
slit

1b1

ū~y8!dy8562V0Y2
slit , ~14!

where the upper~lower! sign is for the eastward~westward!
jet. In addition, an integral of equation~4! gives

E
0

Y2
slit

1b1

v̄~y8!dy856V0 , ~15!

where the sign convention in equation~14! is used. Equation
~15! is valid only when there is no vorticity transport acro
the y50 as would be expected for the flows in figs. 8b a
9b.

A. Eastward jet model

For the eastward jet in figs. 8b and 8e equations~14! and
~15! give:

a5
1

3
A2V0

b
; b52a; Dq̄[b~a1b!5A2bV0 ~16!

ū~y!55
0 for uyu.~Y2

slit1b!,

b~ uyu2Y2
slit2b!2/2

for ~Y2
slit1b!>uyu>~Y2

slit2a!,

V0[ f tP /H for ~Y2
slit2a!.uyu.

~17!

In figs. 8b and 8e in the regions (Y2
slit2a).uyu and uyu

.(Y2
slit1b), neitherq̄(y) nor ū(y) are changed from thei

primary values. ForP >P east
link [9bH(Y2

slit2Y1
slit)2/8f t, the

two mixed regions of uniformq̄ become so large that the
touch each other, and the flow looks like figs. 8c and 8f w
a[Y2

slit . The two jumps inq̄ merge together, the value o
Dq̄ doubles, andū(y) develops a cusp aty50. After the
merger the flow retains the appearance of figs. 8c and 8f w
ū(y) still given by ~17! and

a[Y2
slit , b5uY2

slit2Y1
slitu@3~P /P east

link !1/321#/2,

Dq̄52b~b1a!, ~18!

ū~0!5b~b1Y2
slit!2/25V0~P east

link /P !1/3. ~19!

Note that forP .P east
link equation~15! is not used because it i

invalid; the flow in figs 8c and 8f transport vorticity acro
the y50 line, or in other words, the opposite-signed vort
layers at the two slits partially annihilate each other.~n.b.,
the momenta created by the forcing at the two slits have
same sign and do not annihilate each other.!
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B. Westward jet model

At small P the westward jet changes from the prima
flow in figs. 9a and 9d to the forms in figs. 9b and 9e wit

a5
2

3
A2V0

b
; b5a/2; Dq̄[b~a1b!5A2bV0

~20!

ū~y!55
0 for uyu.~Y2

slit1b!,

b@~ uyu2Y2
slit1a!22~a1b!2#/2

for ~Y2
slit1b!>uyu>~Y2

slit2a!,

2V0[2 f tP /H for ~Y2
slit2a!.uyu.

~21!

For P >P west
link [9bH(Y2

slit2Y1
slit)2/32f t, the two regions of

uniform q̄ are linked together, and the flow looks like figs. 9
and 9f witha5Y2

slit . However, unlike the eastward jet, th
two jumps in q̄ do not merge together and there is neve
cusp inū(y) at y50. In figs. 9c and 9fū(y) is given by~21!,
a[Y2

slit ~equation~15! is not used because it is invalid!, and

b5uY2
slit2Y1

slitu@ 3
2~P /P west

link !1/321#/2, ~22!

Dq̄5b~b1a!, ~23!

ū~0!52b~b1Y2
slit!2/252V0~P west

link /P !1/3. ~24!

C. Rossby waves and vortices

We expect differences betweenū and the laboratory~or
numerically computed! U because the latter is filled with
vortices and Rossby waves. Rossby waves require grad
in q, so the model Rossby waves are centered at the dis
tinuities of q̄ and cause the locations of the discontinuities
meander iny ~or r ) as a function ofx ~or f). Eigenmodes of
the Cartesian form of equation~2! are proportional to
eik(x2ct) and obey the Rayleigh–Kuo equation with matc
ing conditions at discontinuities.23 The eigenmodes~com-
puted with n51/t50) of ū(y) are neutrally stable, so
Imag( c̄)50, ~using the overbar onc to denote that it is
associated with our model! and for all of our model flows:

c̄5ū~yd!2
xb~a1b!

2k
, ~25!

where yd is the location of the discontinuity inq̄(y) ~i.e.,
yd[6(Y2

slit2a) for the eastward, andyd[6(Y2
slit1b) for

the westward jets!. The dimensionless numberx.0, is order
unity, and easily found to be the solutions of transcende
equations.24,25 For eastward jets with one discontinuity~at
yd50), x52, so equation~25! becomesfor eastward jets
with one discontinuity:

c̄5ū~0!2
Dq̄

2k
. ~26!

For eastward jets with two discontinuities and all westwa
jets, Dq̄5b(a1b). In the limits that 2k(Y2

slit2a)@1 and
2k(a1b)@1, x.(12 (1)/(2k(a1b))21, so for these lim-
its for eastward jets with two discontinuities and all wes
ward jets:
e or copyright; see http://pof.aip.org/about/rights_and_permissions



sb
r
ca
e

t-

g

je

lly

r

n
ss
i
u

e
o
o

ns
er
m

-
l’s

an
s

ar-
10
jet

s

e
ed

t

jet

e

ly.
o-

e

ws

e
ter
ine
dis-

s,
ther

hys-

lu-

of

jet

oci-

1481Phys. Fluids, Vol. 10, No. 6, June 1998 P. S. Marcus and C. Lee

Down
c̄.ū~yd!2
Dq̄

2k S 12
1

2k~a1b! D
21

. ~27!

Equation~25! shows why westward jets havec,0: u(yd)
50, b.0 andx.0. For eastward jetsu(yd)5V0.0, soc
can be~and is! positive. Another reason why the signs ofci

differ for eastward and westward jets is that the Ros
waves in these flows advect at the same speed as thei
companying vortex chains and vortices advect with the lo
velocity of the flow—see below—which is always positiv
~negative! for the eastward~westward! model flow.

To see qualitatively why theci decrease when the eas
ward jet’s discontinuities merge, compare equation~26! with
~27!, and note that when the discontinuities merge,Dq̄ sud-
denly doubles, whileyd smoothly goes to zero and 1/2k(a
1b) remains small. To understand the decrease inci quan-
titatively, use equation~25! and the fact that the governin
equation24 for x along with equations~13! and ~16! show
that for 0<(P east

link 2P )!P east
link

x.11e2~kY2
slit

!~P east
link

2P !/P east
link

. ~28!

BecausekY2
slit is large,x rapidly changes from 1 to 2 asP

→P east
link ~and the two discontinuities of the eastward

merge into one!. Note thatx remains 2 forP .P east
link .

In our model26 the Rossby eigenmode is exponentia
peaked at the discontinuity inq̄ located at y5yd

1Aeik(x2ct), whereA is the Rossby wave amplitude. In ou
numerically calculated flows~c.f., fig. 4!, the Rossby wave is
visible as a deformation of the contours of constantq and in
particular of the contour whereu¹qu is greatest. As the
Rossby waves of the westward jets move closer to the an
lar boundaries, they become less pronounced. Each Ro
wave is also associated with an entrained vortex chain w
the vortices riding along at the Rossby wave speed. Beca
vortices tend to lie in regions of nearly uniformq, their lo-
cations,y* , satisfy the inequalityY2

slit1b.uy* u.Y2
slit2a.

For westward jets in which the two regions of constantq̄ are
joined together~as in fig. 9f!, the two chains of vortices often
overlap iny, so they can strongly interact with each oth
~fig. 5!. However in the eastward jets, the two regions
uniform q are physically separated from each other by one
two jumps of potential vorticity. Thus, the two vortex chai
in the eastward flow only weakly interact with each oth
Because vortices embedded in east–west flows of uniforq
advect approximately with the local velocity20 and because
the waves and vortices have the same speed,y* satisfies
ū(y* ). c̄, where ū(y* ) is given by equation~17! or ~21!.
This constrains the allowable values ofk to:

k>xb~a1b!/2uū~0!u. ~29!

V. TESTS OF THE MODEL

To comparedirectly the ū of the model with the labora
tory experiment’s velocity is difficult because the mode
discontinuities inq are smoothed byn ~which is not in the
model!. Moreover as we show below, the laboratory~and
numerically computed! flows averaged overf are deceptive
in appearance. It is better to compare the locations
speeds of the vortices and waves, the locking of the Ros
loaded 12 Jul 2011 to 169.229.32.136. Redistribution subject to AIP licens
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waves, and the flow’s hysteresis. The difficulties in comp
ing the model and laboratory flows are illustrated in fig.
which shows a laboratory five-fold symmetric eastward
similar to the numerically computed seven-fold flow~fig. 4!.
The u(r ) in fig. 10a has been averaged overf ~as was the
planetaryu in fig. 1!. The averaged laboratory flow look
like a Bickley jet ~i.e., proportional to sech2(r /LBick) for
some lengthLBick—see section VI! with no discontinuity in
q(r ) or in the slope ofu(r ). The meandering Rossby wav
wipes out any signature of the discontinuity in the averag
flow. Figure 10b shows theu(r ,f,t) of the same flow in fig.
10a at a fixedt and at two fixed values off. Figure 10b
looks like the model in fig. 8f whose hallmark is thediscon-
tinuity in the slope ofu at its peak with the modification tha
the Rossby wave makes the discontinuity~and location of the
peak velocity! of the laboratory flow wavy inf. Figure 10b
quantitatively supports our model of a locked eastward
which predicts that the width of the jet~the length inr in fig.
10b over which theu is non-zero! or (a11a21b11b2) is
related toD@]u/]r # which is defined to be the value of th
discontinuity in the slope ofu: 2D@]u/]r #5Dq̄5b(a1

1a21b11b2). Using (a11a21b11b2).20 cm from fig.
10b and the laboratory value ofb50.135 cm21 s21 gives
2D@]u/]r #.2.7. The values of2D@]u/]r # in fig. 10b are
;3.0 and;2.0 for the solid and dotted curves, respective
Unfortunately, other than fig. 10b, there is little other lab
ratory data~and no reliable planetary data! for non-averaged
values ofu(r ,f,t), sodirect comparisons with the model ar
difficult.

The model, laboratory, and numerically computed flo
all have hysteresis. ForP >P east

link ~or P >P west
link ) the model

flows must look like fig. 8f~or 9f!. However, for smaller
values ofP the flows look either like fig. 8f~or 9f! or like
fig. 8e ~or 9e! subject to the constraint thatb>0. Thus there
is a range ofP where both model flows can exist. For th
sameP , the energy of the flows in figs. 8f and 9f are grea
than those of the flows in figs. 8e and 9e. To determ
where the model eastward flow has hysteresis, let the
tance between the two discontinuities inq̄(y) be Lsep

[(Y2
slit2Y1

slit22a). Lsep decreases with increasingP and
is zero whenP 5P east

link . We expect the two Rossby wave
centered on the discontinuities, to merge and lock toge
due to non-linearities whenkLsep&1 wherek is the average
Rossby wavenumber. This means that there should be
teresis between locked and unlocked states whenP ,P east

link

andkLsep&1. This has been verified by the numerical so
tions of equations~2!–~3!: For P<28 the eastward flow is
temporally quasi-periodic, unlocked, and of the form
equation~1!. For P>36 flows are locked~although ifP be-
comes too large, new instabilities occur!.18 For a small range
nearP532 the flows are hysteretic withm1.m2.9, so that
kLsep50.904, consistent with the model when we setk
5mi /Ri

slit . The laboratory eastward jets3 behave similarly to
our numerical solutions except the range ofP where the flow
is hysteretic is;22.

The main prediction of our model is that the eastward
at low P ~fig. 8b! and the westward jet at low and highP ~in
figs. 9b and 9c! have two discontinuities inq̄, and each acts
as a Rossby wave guide. Each discontinuity has an ass
e or copyright; see http://pof.aip.org/about/rights_and_permissions
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ated vortex chain that advects azimuthally at the Ros
wave’s speed. In an annular geometry the strengths of
two discontinuities differ, so the wave speeds differ, and
chains are unlocked. For sufficiently largeP, the eastward
jet’s two discontinuities merge into a single large one, th
is only one Rossby wave, both vortex chains move at t
speed, and the flow is locked. The model does not pre
that the westward jet’s vortex chains lock. We have fou
that this scenario is consistent with all of our numerical c
culations. We now show that there is also quantitative ag
ment between our model and numerical calculations.

A. Eastward jets

Tables I and II compare the Cartesian model’s values
c1 predicted by equation~25! with the wave speeds of th

FIG. 10. ~a! Azimuthally averaged value~solid curve! and the fit to a sech2

function ~dotted curve! of u(r ,f,t) at fixed t for an eastward jet atP
5100 andf 525.2~from Sommeriaet al.,1 fig. 4, with permission!. ~b! The
sameu(r ,f,t) at fixedt and at two different values off. The solid~dotted!
curve is for the value off where the jet is closest to the outer~inner!
boundary.
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numerically computed solutions of equation~2! in annular
geometry. Also shown are comparisons ofV̄1 which is de-
fined to beū(r )/r evaluated at the discontinuity associat
with R1

slit . Agreement is good. The tables were computed
imposing anm-fold symmetry som15m2. With no imposed
symmetry, the flow atP528 ~fig. 11! was unlocked with
m15m2512 ~as were flows atP518 andP524) indepen-
dent of the initial conditions~that we tried!. When no sym-
metry was imposed atP544, the final flow is locked and
independent of initial conditions withm257 and 7<m1

<9. The value ofm1 depended onLslit ~see the Appendix!
and decreases with increasing thickness. The most inte
ing feature of the eastward jet model is thatc̄1 and c̄2

abruptly decrease when they lock. Equations~25! and ~26!

with ki(ūi2 c̄i) replaced withmi(V̄ i2 c̄i) show that this de-
crease is;Dq̄i /2mi . We have tested this prediction in tw
ways. When both locked and unlocked eastward jets exis
the sameP, equation~13! with P replaced withP/2pRi

slit

and equations~16!–~18! show that this decrease is given b

@m1~V̄12 c̄1!# locked/@m1~V̄12 c̄1!#unlocked

52~Peast
link /P!1/6/x1 . ~30!

~For locked flows, we use the subscript 1 to mean 1and 2.!
For P532 the right-side of equation~30! computed with the
model at the parameter values used in Table II is 1.45, w
the ratio on the left-hand side determined from the numer
solution of equations~2!–~3! with m15m259 is 1.56—a
difference of only 7%. Because the model is Cartesian
the numerical calculation is annular, we cannot expect th
to agree to much better than (a11b1)/pR1

slit or ;10% at
P532, so an error of 7% is very good. The model predi
that locking is accompanied by the merger of two discon
nuities inq, and we note that the numerical simulations sh
thatDq1 of the locked flow is more than twice as big as th

TABLE I. For an unlocked eastward jet atP528, the comparison betwee
our model~quantities with overbar! and the numerically computed solution
with m15m2 ~no overbar!. We use15 n50.033, f 56p, Lslit51.2 ~see the

Appendix!, and R1
slit527.0. The model has (a11b1)57.44, V̄1

50.0947b(Rout2Rin), and Dq̄150.750b(Rout2Rin). ~All dimensional
numbers have CGS units.! In practice it is difficult to determine the value o
u at the ‘‘discontinuity’’ in the numerically computed flows—see fig. 7—s
we defineV1 to be the maximum value of the computed flow’su(r ,f,t)/r .
Agreement inc1 improves asm1 increases because the differences betwe
the Cartesian and annular geometry decrease. By settingk5mi /Ri

slit ,

P52pRi
slit

P i and replacingū(yd) with V̄ i , equation~25! in an annular

geometry becomes 2m1(V̄12 c̄1)5x1b(a11b1). The computed flows’ val-
ues of 2m1(V12c1) are only weakly dependent onm1 because equation
~25! shows that they are proportional tox1 which only weakly depends on
m1. According to equation~35! the ratio in the last column would be unity
if the flow were a Bickley jet. In equation~35! we setR[(R1

slit1R2
slit)/2.

m1 V1 /V̄1

~V12c1!

~V̄12c̄1!

2m1~V12c1!

b~Rout2Rin!

c1

b~Rout2Rin!

2V1/32c1

bR/m1
2

9 0.849 0.728 0.885 0.0311 0.581
10 0.818 0.760 0.895 0.0327 0.605
11 0.821 0.854 0.974 0.0336 0.703
12 0.821 0.927 1.026 0.0350 0.776
13 0.831 1.036 1.111 0.0359 0.893
e or copyright; see http://pof.aip.org/about/rights_and_permissions
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of the unlocked flow.~The locked jet’s larger value of (a1

1b1) also contributes to the increase inDq1.! For the same
control parameters as in Table II, there is also a sta
locked flow with m1511 and m259 ~fig. 12!. This flow
agrees with equation~30! to within 10%. Equation~30! is a
good test of the model because (V i2ci) varies greatly with
mi andP. We have also carried out initial-value calculatio

TABLE II. Same as Table I but for the locked eastward jet atP544 with

m25m1. For each m1, the model gives (a11b1)510.18, V̄ i

50.168b(Rout2Rin), (a21b2)59.33, and Dq̄i[2mi(V̄ i2 c̄i)
51.97b(Rout2Rin). ~Because the flow is locked, the subscripti means 1
and 2.! All dimensional numbers have CGS units. The model overestim
V i andDqi ~although its prediction thatV i is independent ofm1 is consis-
tent with the numerical calculations! because the model flow is no
smoothed byn or by vortices. The overestimates are worse when ther
strong radial mixing, as is the case atP544 for the low m ~large area!
vortex chains. The values ofDq1 ~inferred from the values of 2m1(V1

2c1) in Tables I and II! are approximately twice as large for the locke
flows at P544 as they are for the unlocked flows atP528. For locked

flows, equation~26! predicts that 2mi(V̄ i2 c̄i)5Dq̄i and should therefore
be independent ofmi . However, for the computed flows, this quanti
slowly increases withmi because in real flows the largest diameter vortic
~those with lowestm) spread the ‘‘discontinuity’’ over the largest radia
distance. A large spread creates a small change in slope of the vel
across the ‘‘discontinuity’’ which in turn causes a small value ofDqi

52mi(V i2ci). The last column shows that (2V1/32c1) does not scale as
m1

22 as predicted by the Bickley jet model.

m1 V i /V̄ i

~Vi2ci!

~V̄i2c̄i!

2mi~Vi2ci!

b~Rout2Rin!

ci

b~Rout2Rin!
2V1/32c1

bR/m1
2

7 0.696 0.779 1.53 0.0080 1.05
8 0.724 0.865 1.70 0.0159 1.34
9 0.731 0.921 1.81 0.0224 1.54

10 0.737 0.983 1.93 0.0274 1.77
11 0.735 1.04 2.05 0.0308 2.00
12 0.741 1.12 2.20 0.0332 2.30

FIG. 11. q of the numerically computed15 unlocked eastward jet atP528,
f 56p, n50.033,R1

slit527.0, andm15m2512. The two regions of uni-
form q are not linked together, so the two chains are separated by two
discontinuities inq, and the flow looks like the model in figs. 8b and 8e. T
vortices in the chain at smallerr havev.0, while those at greaterr have
v,0.
loaded 12 Jul 2011 to 169.229.32.136. Redistribution subject to AIP licens
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that mimic the laboratory experiments in whichP is abruptly
increased: We start with an unlocked eastward jet in equi
rium at P<28 and use it to initialize a calculation withP
>36. In these initial-value calculations, as in the expe
ments,c1 and c2 decrease by;50% at the same time tha
they lock together.

Another feature of our model of locked eastward jets

that equation~29! constrainsm1 to m1>Dq̄1/2V̄1. At P
544, this requiresm1.5.9. Our numerical calculations ar
consistent with this: We could compute locked flows w
m.6, but were unable to withm<6. When 6-fold symme-
try was imposed in our numerical calculation, the flow w
quasi-periodic in time and oscillated between having 6 v
tices and 12. Equation~29! is also consistent with laborator
experiments1 at P544 where flows with different values o
m1 were stable, but none withm1,6. Equation~29! shows
that the smallest allowablemi decreases with increasingP,
and this has also been confirmed numerically and experim
tally. None of our initial-value calculations have created s
lutions that violate equation~29!.

In summary it should be noted that theq, U, and stream
functions of the eastward jets in figs. 4, 7, 11, and 12 sh
many of our model’s features. There are Rossby waves
peak in the layers whereq changes most rapidly~which for a
locked flow is where the jet’s velocity peaks!. The two vor-
tex chains are radially separated from each other and f
the peaks of the Rossby waves. As fig. 4 shows, the vort
that make up the chains are often nestled in the trough
the Rossby waves, and in all cases they travel along w
them. The chains are located in the two regions of nea
uniform q at r i* such thatu(r i* ,f,t)/r i* .ci , and the chains
are separated from each other by one~for the locked flow—
figs. 4 and 12! or two ~for the unlocked flow—fig. 11! ap-
proximate discontinuities inq.

s

is

ity

ar

FIG. 12. Stream function of the numerically computed,15 locked, eastward
jet atP532, f 56p, n50.033,R1

slit527.0,m1511, andm259. Vortices in
the chain at smallr have v.0; those at greaterr have v,0. It is not
necessary form15m2 for the flow to lock~and to be steady in some rotatin
frame!.
e or copyright; see http://pof.aip.org/about/rights_and_permissions
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TABLE III. Same as Table II but for the westward jet atP544. For eachmi , Dq̄150.815b(Rout2Rin),
Dq̄250.747b(Rout2Rin), (a11b1)58.08, and (a21b2)57.41. The value ofq1 does not double when the
flow locks, as it does for the eastward jets.Dq2 is lower than the values predicted by the model because
outer discontinuity has run intoRout ~which makesc̄2 uncomputable in our model!. The last two columns show
that the Bickley jet model in equation~35! does not work well either forc1 or c2.

m1 m2 c1 / c̄1

c1

b~Rout2Rin!

c2

b~Rout2Rin!

2V1/32c1

bR/m1
2

2V1/32c2

bR/m2
2

unlocked 7 6 1.16 20.0918 20.0748 0.374 0.079
unlocked 7 5 1.15 20.0908 20.0778 0.358 0.078
locked 8 4 1.29 20.0846 20.0846 0.342 0.086
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B. Westward jets

Because our model predicts that westward jets do
lock, we have tried very hard to make them lock and d
prove our model. Of all our westward-flow, numerical calc
lations, locking occurred only in a small window15 near P
544. Locking was obtained by adjustingLslit ~whose effec-
tive value in the laboratory experiments is uncertain—see
Appendix! which changes the flows’mi . The locked flow
hasm158 andm254 ~fig. 5 and Table III!. Unlike locked
eastward jets, where the two Rossby waves and two dis
tinuities in q merge into one, the locked westward jet st
has two waves and two discontinuities. TheU of the locked
and unlocked westward jets look nearly the same; wher
those of the locked and unlocked eastward jets differ. Un
the initial-value calculations of the eastward jets, whereci

suddenly decreases when the flow locks, there is almos
change inci ~ or Dqi) of the westward jet when it locks. Ou
explanation is that the locked westward jet is a fluke: n
P544 thec1 andc2 of the two Rossby waves withm158
andm254 change slowly withP but not at the same rate.
appears that their locking is just a matter of tuningP until
they are equal. For the flows in Table III, equations~22!–
~25! give c̄i}(Ri

slit)21/3x i /mi . Becausex1.x2, this sug-
gests that in order forc15c2 and the westward flow to lock
that m1.m2 which is consistent27 with Table III. Currently,
it is uncertain whether the laboratory experiments have w
ward jets with locked vortex chains.28

Another important result shown in Tables III and IV
 169.229.32.136. Redistribution subject to AIP licens
ot
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that the westward jets haveci,0 ~opposite in sign to the
eastward jets! in accord with the model. Moreover, th
model predicts that the characteristic difference in value
tween theci of the eastward and westward jets is the order
the characteristic value of theV i of an eastward jet. This is
consistent with Tables I–IV. Figures 5 and 7 show theq, U
and stream functions of westward jets. Like the model, th
show that the westward jets are broader, less peaked, and
wavy than the eastward jets, and that the two vortex cha
of the former are radially closer together than those of
latter. ForP544 they are intertwined with each other.

VI. BICKLEY JET MODEL

We have shown how well our model, based on the h
mogenization ofq, agrees with the experiments and simu
tions. Here we review the Bickley jet model2,3,12 and sum-
marize its shortcomings. A Bickley jet has a velocityu(y
[U0sech2(y/LBick) where U0 and LBick are unknown pa-
rameters. The Bickley model was motivated by fig. 1
which shows that theazimuthal averageof the laboratory
flow’s u(r ,f,t) at fixed t fits a sech2. Momentum balance
~or integrating equation~2! in Cartesian coordinates as w
did to obtain equation~14!! relatesU0 to the pumping rate
P :

U05 f tP uY2
slit2Y1

slitu/2HLBick . ~31!

Unlike the jets in our model which are always neutra
stable, the eastward Bickley jet is unstable when
hich
TABLE IV. Same as Table III but for the unlocked westward jet atP530 with m25m1. For eachm the model
gives Dq̄150.717b(Rout2Rin), Dq̄250.657b(Rout2Rin), (a11b1)57.12, and (a21b2)56.52. The differ-
ences betweenc̄i andci in Tables III and IV are mostly due to interactions between the two vortex chains w
are much closer together for the westward than the eastward jets~especially for the locked westward jet!.29 The
westward jet’s outer vortex chain, centered atr 5r 2* , hasv.0, while the inner chain hasv,0. Thus, the
velocity created by vortices in the outer chain pushes fluid atr ,r 2* ~as well as the inner vortex chain! in the
2f direction. Similarly, the inner vortex chain pushes the outer chain in the2f direction. Because theci of
the waves of the westward jet are also negative,uci u is greater thanuc̄i u. Becauser 2* is close toRout , the outer
chain’s image created by the outer boundary is strong. The image, which hasv,0, advects the outer chain in
the 1f direction which cancels, somewhat, the effects of the inner vortex chain. Thusc2 / c̄2.1.

m1 c1 / c̄1 c2 / c̄2

c1

b~Rout2Rin!

c2

b~Rout2Rin!

2V1/32c1

bR/m1
2

2V1/32c2

bR/m2
2

7 1.00 0.717 20.0728 20.0559 0.227 20.039
8 1.140 0.853 20.0689 20.0536 0.216 20.098
9 1.280 0.962 20.0663 20.0506 0.206 20.200

10 1.42 1.06 20.0640 20.0480 0.181 20.331
e or copyright; see http://pof.aip.org/about/rights_and_permissions
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,bLBick
2 /U0,2/3. At largeP it was argued1,2 that instabili-

ties would increaseLBick until the jet is marginally stable
~i.e., no growing modes forany azimuthal wavenumber!,
which for eastward jets requires

bLBick
2 /U052/3. ~32!

This jet has one neutrally stable, non-singular eigenmod
has wave speed1 and azimuthal wavenumber

cm.s.5V1/3, mm.s.5A2R/LBick , ~33!

whereR is the meanr of the jet and whereV1 for this model
is defined asU0 /R. Sommeriaet al.2 found experimental
values ofmi that were similar to, but consistently small
than mm.s. . They also reported values ofU0 and U0

theory

[@3( f tP )2b(R2
slit2R1

slit)2/H2#1/3/2 as functions of (P f) in
order to validate the Bickley jet model, whereU0

theory is the
solution to equations~31! and ~32!. We can use this sam
data to test their assumption that the jet is marginally sta
~without knowingLBick whose experimental values were n
published!. Define a such thata[3bLBick

2 /2U0. Compari-
son of this definition with equation~32! shows thata mea-
sures how close the jet is to marginally stable. By definit
of a and the assumption that the experimentally-obtain
values ofU0 andLBick satisfy equation~31! ~whose validity
relies only on the conservation of momentum! gives a
5(U0

theory/U0)3. For large values of (P f) ~e.g., 8000, where
the marginally stable assumption should work best!, the ex-
perimental values givea.0.5, so the jet is not marginal. Th
Bickley jet model’s prediction thatci5cm.s.5V1/3 cannot
be tested experimentally at largeP because the flow is cha
otic and findingci is ambiguous. However, our numeric
calculations atP564 give c1.0.12V1 ~and shows thatc1

decreases with increasingP) which disagrees with the Bick
ley model. ForP,65, Solomonet al.3 used the eastward
Bickley jet model without the assumption of marginal stab
ity, so 0,bLBick

2 /U0,2/3. For these non-marginal Bickle
jets there are two neutral, regular, sinuous Rossby wa
with speedsc6 and wavenumbersm6 ; equation~31! still
holds, but equations~32!–~33! are replaced with

c65LBick
2 m6

2 V1/6R25
V̄1

3 S 16A12
3bLBick

2

2V̄1R̄
D ~34!

and

2V1/32c65bR/m6
2 . ~35!

Solomonet al. found that equation~35! was not accurate fo
westward jets but was within 30% for eastward jets. O
numerical results in Tables III and IV also show that equ
tion ~35! is not satisfied by westward jets. However, Table
and II for the eastward jets also show that for many value
mi equation~35! has O(1) errors and that the equation
prediction that 2V1/32c is proportional tom22 is not cor-
rect.

Besides being quantitatively incorrect for some para
eters of the eastward jets, the Bickley jet model has t
major shortcomings. Because it fails qualitatively for t
westward jets, it cannot used to explain why the eastw
and westward jets differ. Moreover it fails to describe co
loaded 12 Jul 2011 to 169.229.32.136. Redistribution subject to AIP licens
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rectly the qualitative features of locking. For lowP the Bick-
ley jet is not marginally stable and has two neutral, sinuo
modes with independent frequenciesc6 ~i.e., the unlocked
flow!. With this model,1 as P increases so doesLBick until
P5Plock and the jet is marginally stable. The two wav
lock by havingc1 slow down continuously tocm.s. andc2

increase continuously tocm.s. . This is contrary to observa
tions which show that both speeds decrease abruptly w
they lock. Furthermore in the Bickley jet model, the u
locked flow has both Rossby waves centered at the s
radial location—the peak of the Bickley jet—which is i
contradiction to observations which show two distinct loc
tions of the two waves~fig. 11! with neither at the velocity’s
peak. Finally, Solomonet al. found that for 25,P,65, the
locked eastward jets hadci,cm.s. and therefore argued tha
if the locked flows were Bickley jets, they were not margi
ally stable~and that only thec2 mode was present!. How-
ever, if the jet is a non-marginally stable Bickley jet, then
poses the question of why theunstableeigenmodes with azi-
muthal wavenumbers withm2,m,m1 are not present.
~Typical values arem258 andm1511 for the parameter
range where eastward jets are unlocked.!

VII. CONCLUSION AND RELEVANCE TO PLANETARY
JETS

We have presented a model for the formation of ea
ward and westward jets on ab-plane. The underlying as
sumption is that stirring homogenizesq and thatb aligns the
large-scale velocity into the east–west direction. To test
model we have shown that it quantitatively reproduces la
ratory experiments and explains asymmetries between
eastward and westward jets. At low pumping ratesP, there is
one discontinuity inq for each slit. AsP increases,b causes
the westward jets’ two discontinuities to move away fro
each other while the eastward jets’ move closer togeth
Rossby waves travel along the discontinuities, and th
speedsci differ due to the annular geometry. AtPlock the
eastward jet’s two discontinuities merge causing the t
Rossby waves to coalesce and lock withc15c2. Becauseci

depends onDqi and becauseDq1 and Dq2 add together
when they merge, theci decrease when the flow locks. Th
resulting eastward jet’s velocity has a cusp~discontinuity in
slope! at its peak, so it is narrow, strong, and wavy~due to
the Rossby wave centered at the cusp!. Because the west
ward jet’s two discontinuities move apart, they do not,
general, merge together, and the speeds of the two vo
chains rarely lock. The westward jet is weak, has a smo
broad peak, fills most of the annulus, and is not wavy
cause the Rossby waves are far from the peak and
damped by the tank’s boundaries. Both the eastward
westward jets produce chains of vortices in regions wh
u¹qu is small, which for the westward jets is the region b
tween the two discontinuities and for the eastward jets
the two regions that lie between the boundaries of the t
and the nearest Rossby wave. Thus the eastward jets’ ch
are separated from each other by one~for the locked flow! or
two ~for the unlocked! discontinuities inq, while the west-
ward jets’ two chains are in close proximity to~and often
e or copyright; see http://pof.aip.org/about/rights_and_permissions
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intertwined with! each other. Because the vortices in t
chain are only stable when they have the same signv as the
shear of the ambient jet, all of the vortices in the eastw
~westward! jet’s chain at smallerr havev.0 (v,0), while
those in the chain at largerr havev,0 (v.0). The Rossby
wave and its vortex chain travel together at the same sp
but because the flow surrounding the vortices in the ch
has nearly uniformq, the speeds of the vortices must al
approximately match the ambient velocity of the fluid~which
is a function ofr ). Thus, the radial locations of the vortice
are uniquely determined, and the allowable band of a
muthal wavenumbers of the Rossby wave is constrain
Note that the idealized model flow~which is not smoothed
by n) can differ from the laboratory or numerically
computed flow, but the numbers, locations, speeds and
eral properties of the waves and vortices agree very w
This is consistent with earlier numerical calculations18,30 of
the waves and vortices of the primary flow~equation~5!!
which showed that the waves were sensitive to the value
U andq at the flow’s discontinuities but insensitive to the
values elsewhere. Thus our model, which was designe
simulate the flow at the discontinuities, works very well.

The competing Bickley model for the laboratory expe
ments fails qualitatively for westward jets and therefore c
not be used to explain the asymmetries between the east
and westward flows. Moreover, its predicted scalings
eastward flows are incorrect, and it cannot account for w
locking. Our main concern about the Bickley jet model
that it has been used as the starting point of analyses
purport to explain the mixing of tracers in the eastward-
laboratory flows.12 Because it is known that large¹q or
discontinuities inq act as barriers to mixing, because t
computed eastward flow and our model of it have stro
gradients inq, and because the Bickley jet does not, it rais
questions about these analyses.

The motivation for our model of the laboratory jets w
the fact that we had earlier used the step-function in fig.
for theq of the jovian east–west jets. For both the jovian a
laboratory flows we initially deduced the jets’q from the
properties of the vortices rather than from the direct m
surements of the jets’ velocities. As fig. 10 shows, t
azimuthally-averaged values ofq and velocity can be very
different from the unaveraged values; averaging disguis
flow’s sharp gradients. In both cases our main clue to
functional form of q came from the fact that the vorte
chains were located near the maxima of the westward
and never near the eastward jets.31 For the laboratory jets we
have shown here by direct numerical simulation that
model is accurate, but for Jupiter’s jets we still have no dir
support of the model in fig. 2. One of the goals of this pa
was to support it indirectly by showing that the laborato
experiment, although a crude model of the jovian atm
sphere, unambiguously shows that the azimuthal jets in fi
can be created from a flow at rest by forcing it so that itsq is
stirred and homogenized. Some of the deficiencies of
laboratory flow as a model of Jupiter are that the laborat
experiments produce a step-functionq with only one or two
steps~whereas the jovian flow has at least 12!, the experi-
ments have a highly artificial forcing, and they have an in
loaded 12 Jul 2011 to 169.229.32.136. Redistribution subject to AIP licens
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nite Rossby deformation radius.5 Although these drawback
have yet to be overcome in laboratory experiments, th
have been in numerical simulations which show that the f
mation of jets by the homogenization ofq is a robust pro-
cess. In numerical simulations with multiple slits in the bo

FIG. 13. ~a! Numerically computed15 Pcrit of the primary eastward jets as
function of f for n50.1 andR1

slit518.9 ~thick curve form59, thin for m
58, and broken form57) compared with the laboratory values~shown as
squares with the value ofmcrit written near them!. If the numerical calcu-
lations and their underlying assumptions are correct, the laboratory valu
Pcrit should correspond to the smallest~as a function ofm for fixed f )
numerically computed value ofPcrit and the laboratory value ofmcrit

should correspond to the computed curve with the lowest value ofPcrit . ~b!
Same for the westward jet~thick curve form58, thin form57, and broken
for m56). The numerical eigenmodes were found by linearizing equati
~2! and ~3! about the primaryU(r ) computed from equation~5! with a
parabolic w(r ) andLslit51.2. Perturbations are of the formeim(f2ct). We
used a spectral method with 257 radial collocation points. There wer
least 9 points per slit, so the flows were well resolved. Initial-value cal
lations shows that the instabilities of the primary flow are supercritical.
e or copyright; see http://pof.aip.org/about/rights_and_permissions
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tom boundary, where the pumping direction alternates fr
slit to slit, the q near each slit is homogenized, and as
pumping increases the homogenized regions grows in
until the discontinuities inq run into each other creating
flow with multiple eastward and westward jets that is w
modeled by fig. 2. The model velocity is piecewi
parabolic.32 The eastward jets alternate with the westwa
jets, with the former strong, narrow, and wavy~due to
Rossby waves along the discontinuities! and the latter broad
and smooth. Azimuthal flows with step-functionq have also
been created from a fluid initially at rest in our numeric
simulations with a finite Rossby deformation radius,8 with a
more realistic forcing,8 and with the shallow-wate
equations.33 Recent simulations with a realistic forcing~that
would correspond to an oscillating grid in a laboratory e
periment! show that azimuthal flows with multiple eastwa
and westward jets~from 4 to 26 of each! can be created
where the width of the jets and the spacing between them
unrelated to the scale of the forcing or the boundaries~but is
instead set by the strength of the forcing!.34

Prior to this study, there were few simulations that e
amined the formation of Jovian-like east–west jets.35–39Due
to limitations of resolution almost all were two—rather th
three-dimensional. Moreover, most were run-down exp
ments, i.e., with no forcing but with dissipation of the pote
tial enstrophy by a hyper-viscosity. Run-down experime
have severely constrained dynamics due to the fact that
conserve momentum, potential circulation and energy~the
latter is due to the reverse cascade and is only approxim!.
Marcus and Lee8 showed that if one assumes that a run-do
experiment on ab-plane creates a zonal flow made of ax

FIG. 14. Numerically computed15 values ofPcrit andmcrit ~shown as inte-
gers! of the primary eastward~solid curve! and westward~broken curve! jets
as functions ofLslit for n50.1, f 54p, andR1

slit518.9. At these values the
laboratory eastward jet hasPcrit546.08 withmcrit58, and the westward je
hasPcrit540.41 withmcrit57.
loaded 12 Jul 2011 to 169.229.32.136. Redistribution subject to AIP licens
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symmetric bands of uniformq separated by jumps, then th
late-time flow has a simple, analytic form that is a functi
of the initial energy, momentum, circulation~and deforma-
tion radius!. Thus for run-down experiments to create jovia
like flows, the initial values of these four quantities must
preset to agree with the planetary observations. In contr
numerical simulations of forced/dissipated flows create zo
winds in which the final flow’s energy and strength depe
on the balance between forcing and dissipation. We spe
late that for the jovian jets to have been stable over hundr
of years of observation, they must also depend on the
ance between forcing and dissipation and that the obse
flow must be a stable attracting solution for a wide variety
initial conditions and robust with respect to large perturb
tions. We believe that the formation and maintenance of a
muthal jets by the homogenization ofq, as illustrated in the
experiments and simulations presented here, is an examp
how a flow comes to a robust equilibrium, balancing forci
and dissipation, and that this process occurs in a wide var
of laboratory and planetary flows.
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APPENDIX: APPROXIMATION OF A CIRCULAR ROW
OF HOLES WITH AN AXISYMMETRIC SLIT

The pumping in the laboratory experiment is throu
two concentric rows of 120 holes in the bottom boundary
the annulus. In equation~3! the rows of holes are approxi
mated as circular slits of effective widthLslit. We have ar-
gued the reasonableness of this approximation and found
value of Lslit that corresponds to the experiment:30 Lslit

.AH(P/8pN)1/4( f n)21/8 whereN is the number of holes in
a row. For typical parameter values, this is;1.5 times the
Stewartson layer thicknessAtn and much larger than a hol
diameter. The value ofLslit is determined by viscous diffu
sion ~which increases it to Stewartson layer thickness! and
also by the circumferential velocity about each hole. One
of the slit approximation, as well as the quasi-geostrop
approximation, is fig. 13 which compares the laborato
measurements ofPcrit and mcrit ~the m of the unstable
eigenmode! to the values computed from the linearized for
of equations~2! and ~3!!. The agreement is good. Howeve
we caution the reader that the agreement depends upon
value ofLslit ~fig. 14!.40
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mately conserved at its initial value. Thus,Lslit determines the strength o
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